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Teacher' s,-Commentary.
-

FOACE,

-..Histori ll,y'gal c s has deXeIoped o search,, for M

Dying : spec ificpkblems . As- vfth.. e_ mathethat tea__ i

ul
- -

2

fix upon 4 particular t)eriod- in :history as the

discovery or invention.,-:It is especially hard infthe.gaze of ealcn

the .problemb that. 'stipulated the creation of :the :-.subject had existed

ds mss. he techniques were viewpd pragmatica y

used. reasonable anevers, they were cOnsidered sound. utp equently,

:

fother a yzea.the prOcedurea,jn detail and ptinted cut indaequagies. Never,

the e, it wah through 5ueh analysts that the full .pdVet :. of the pioneer'

ethods'-was ed..

A .

The SMSG Caimans, Ages not attempt to parallel hi torical' development

is rooted, -in the or '.solutions to prob!1ems. Problems are used

veal the important _ Pieta --issues are 'rmahted-.in terms, of

sometimeS:,plcompiete matllematioal model in turrL, suggest

onsiderations -that motivate the study of .the ',theoretical. strlicture of -the

pourse4 ,1 9heri these ideas mu at be expressed Precisely so. that .ve may- reason
0 ,

about. them logioally. Finall he Course r6turne again to problems and
1. r r

appliv the theory which has been devesloped.



The-caleu.i.u0! fies geoMetrid,ayld alg,B aid strands of earlier course

and'offera the most general ikreparilition for kuether study of mathemetici and ':,°

its appligatiOns. It is natural dapaeOne of the secondary school.mathe-

Calculus is in transition from the dolleges 'to. the high aphdk

__, J , ,

Vial increasingly many superior' students fOrinolete theSMSG or a comp':
.

curriculum by the enclof -the
eleventh,grade,,-the'trend.toward a col= Hess

offered'inthe twelfth grade)im accelerating.
Students 'taking such a course-

-
Usu.9.1ktr hopejfor_advanced

Standing4,collega,-_ On the other hand colleges

ereilntensifying'demands upon these 'students:' Higher institutio are' -/
. '-

reluctant- -to allow .advanced standing for prior work in the cal _us on h

. ,..,

ground that it may` not nrovide an 'adequate Conceptual basis for furtherwork

in iathemstids.

The pUrpose to bridge the transitio from high
immediate!

school to college by supplying a, one-year calculus,coursa which proVides an

adequate= conceptual` basis for.adVanced standing in the programs of leading

institutions:and, ,atthe_ome.tiMe, is designed t9 meet the needs of high

.school students and teachers. The course has not been bounddto the syy_lablas

of the'Advanced PlacementFrogxa liege Entrance Examinatiori/Doard

nce'that'ayllatas tan_only, reflect the curricuaum of the moment. !Even so,

all the significant LlCulus topics'are covered in depth, a student who masters
L

our suggested, minimal course should do well on the' calculus questions:Of past

Advanced placement Examinations.

4 We expect that the student who takes calculus in .high school iesuffi-

iently prepared to undertake a course which encourages a mature attitude

concerning nalysis.
r

authors hopeto Involve the __student in the exditing _erpris& of
.A

mxplorings,living,subjedt.,Througut the text they address the student as

a. mature person, curious and Vitally interested in relating to other disdiplines

the immediate knowledge to be-acquired. His desire to order the world in c!..

rational system needs to be 'itiSfied: he mUstcbe,concerned with-the-calcul:us

as it wacconceived and:continues to grow. For that season any J3raditional

_al a doubtful current utility is primed or even omitted altogether in

this book. On the. other, hand, novelty for its own sake is'avoided; although

're undonmentiOnet-i-none-are-included_for/thstAssom_

iii



ourae contJth ion Of.thesSPEG bevies e and may be. used':
a sequel-stgi Intermediate, emetics.- Appendices 1 .' and' 2 include -a

-. k

adapitat4oR-of- essential ideas to :strengthen real number. and function
A.,- V , 7 . .

epneet ,pertinen to the palculub.-.

appeal to thC stu tit's' intuition in the developmient oZ the. The .

ly delected range of pralemk together with the analytical, discussion
. - .

-.; of..-questions, simple: and profound, in the appendices invite thOmost aiscrarri,

Inatin reade to ,explore- and pursue according to his individual. abilitiaP
.t.A1 -7

.., v -: . . . ,..,

Is stamina and intereat.s.,

110- absolute e scale is sugge ted -bemuse the course does

pond exactly to\ traditional syllapi.. The total coverage in a year course

will vary greatiy.. A rich tVeatment pursuing depth rather than breadth

might- use the full year to cover the funqamental calculus of Chapters 1-8

t together with some of the related appendices. Preliminary experience

ates that Chapters 1-11, 'which correspond approximately to the seope of the

raditional- one year course, can and will be covered by a substantial Traction

0f classes using .lie texts and many will want to .purl on further into the

- later chapters.

We should' like to know h

laaproorn, t w your

he approach of is text work- out inithe

and those --of .5r urstudents. We invite. you

to tell us of our errors of omission and 'Omission.
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thaater 1 sets:the tone.for-the.course; The initial investigation is

exploratory, tentative, andincomplete. The exploratory phase is t ie time .of

di very, the time 2f development of intuitions and perceptions. leterWe

ahal frame precise definitions and rigoreUs proofs., -Thfs is part. of the

gene s. plan of'the text. As the coprse progresses,' the spanhetweefi the

initial exploratory phase and the ultimate phase of rigorotis proof is

ehortened.
0-

The chapter bust not be overdone (see Suggested Time Schedulel. The

r
will be,ful1 a questions which cannot be laid to rest before the.course has-

been completed. The etudgit_is not expected to understand all of the calculUs

after re ng the introduction; the idea is only to excite his interest' and

'Iliandcuriosity _
stimulate his awarenbss'of

di
the fact that he is embarking on a

new and interesting subject.

TCi-l. Best Value Problems.. The Derivative.

the "Parcel post" example in the text which begins on page 2 we assume

that solution to the problem exists. Later we Shall establish the existence

of a solution.

We givel here another procedure'for.showing that a square cross- section is

best for a given girth. If we denote the length, width, and height'df the

'carton by and h respect_ cly, then thNEgrth is 2w 2h and our

problem is' imize the volumed

where

V = iwh

satisfy the conditions

, 2h = 72

We reduce this problem to one of maximizing a 'function of a single -variable
fi



by us ng-ibrem-sdlvirig technique known.. "relax ion." ,Let is

paspume that V)e know the correct value of ..7( .2rPr.a- maximum, sago 72).
.probIeM wOuld-then,,be.te maximize ,wh Where, w4Dandf h satisfy

It- follows -that (See foqtnq p..=, Or SMSG, Inter-

mediate Mathematic- J p 214 .Ex 4 p-216AR . 7 jt

0?
, In Section 1-1 we emphasize the problem of .10ca ng the aximum, but

general, the most difficult p'Ert 'of maximum and. Minimum problems consists of

finding the, function ta7triximize or minimize. Since no general rule can

given for doing this, the student45y finti. some of the problems in ExersIse

1-1 quite challenging!

Essentially, the 'question involves the ability to tranalate an English
.

tatement to a mathematical equivalent N9G, Firvt Course in Algebra, Chap-__
ter 4), felmiliarity witty basic meneuration formulas of geometry, and a soun

understanding .of_the concept of a !unction a related .ideas (Appendix-2).

These problems are included at this time as apreliminary background

the solution of the same and similar problems in Chapter It is not neces-

sary (and certainly not suggested) that the studentcompletc each probleo in

Eerc se 1,1 before going on to the next, section. Spiral assignments are

recommended; mathematical maturity and an ap recation of functivial relation-
.

ships' are factors in the student's success with prob1:2ms of this sort. If

"uqtd judiciously these problems will motivate the course; if used indiscrim-

inately they maycause indigestion.

In Rxercises 1-1 the Student is asked to write an equation describing the

fnction-and. is not required to solve the, given problem.If he is curious

_about the,solution he should be encouraged to ue the procedures of Section

1-1 to.approxipate the answer. Although he runs into difficulties he will be

led. to appreciate the limitation} algebra an,1 the:Pneed for more powerful

- methods.

Problems 12 arlO 13 are included. at this time to glve t tud.ent pre

liminary experience with graphs of polynomial functions. Hs :sty sketching,

-without eXaminati- of factional values, may lead to incorrect conclusions:
_ . _



, Solutions rcises 1=1

1,. Express the area , mipeircle as a fupcLluu ul iis pu-vim-Ler.

w 2

=

for. a semicircle A 0 , mud
,
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A reetiangle i inscribu II, b AA ,,_ A,,,tA41 1 EXIA,,AA'S AL,

,a, ',. 141 AC A.-1.01 JA 1.1,,the rec=ta=ngle as r t

lemith of one Side.
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the Iunc be ,
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its cis /-2 u1e,
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1
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1-1

L. The lower right-hand corner of a page is folded over cc ac to reach the

left edge in such a way that one endpoint of 'ale crease is on the right

edge of the page and the other endpoint is on the bottom of the page as

in the figtire

, Let i be the length of the

Crease. Since A PQ - A ES1

PE ET , ex
have = and FR,

IN RS

Frqm-right A 1tl

tX

w,

alace

as

in ru ,

val
hit

2cx c

.41.4 3. A3,1.1
. . . .

I , .
,1

1

. a

0.
oi I isi



13. Approximate the maximum value _c ion '

--39 640 x2 - 1280 x - 640 x4

kIn EX 12, the mix m v ice of x L,u1,1 be tlu. d fie sunably well

-from the crude plotting of points since ccnincivinkally

y f(x) is smooth qnd relatively flat in "tilt inte3-nia1

graph of

lj in which

the maximum OM- Without any fin-the' information, just tl e cr'Ld plat

ting of poinA:of a graph is ortenmisltaui.16. Heic

of thip °If we 'Plot points as before
-

we obtain:

x 1 U

r(x) -2520 _19 19 ,r)e-0

and sketchi g in a smooth

symmetric with x

to an:approximati.,. _ c man.mum-

value ahicli woulni w,ob

Actuary .t'O) ht treAAtra"m at

both f -1 -1 and 0 and a relay
1

minimum value of at =
C

-Subsequently, we will return to this

problem after sufficient backgi-oa

Ilea been. oped in Chapter 2.

an

1



1. Sketch the rah of f 7_
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d.

we.

and

A. _<1 xo) x0) +f(3
' )
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1

Max_. irrru-- rn er--ror E ( x0)n n u

- < A

n-1

1

f(xn=i)

(d) Hot.", can the rtiaxiaLini 'et rut 4 i CI ,s, ci cri Lo1e-i-i7Inee
I, .1"Q.03?

_1,1)) 1 natural titAmbl-
,!..

...(e) How can the ma.ximulii e.fut E
11tolereFe7

a

A

A circle of unit i-1 uit nbequently,
cap approximate 1 by us inv, the sar method as Here

LCL

6

3juuiit Lie tow any gilt en error

- II iI.L1L.

ji 3 .
uue f1V e1

iustd t, _ -J
regibp ei H havt7

Y

ru tangt,
11i t= I 1 i

y1
4the

I

1 = O. 1

fec 7.7 1 .

)

5 5
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34
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The erene e between ihese larger

Then the average of

y-0
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*41'

less than a..11: this Lill

ago @many

corr_

Or 0,

ne 4,..11-
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*

of-this functi9n,at which the ..:51ope is zero.

What the 'related problems in (a
(L ) .

(c) Ex.

(d) EY

(e) Ex.

1-1, number
1-1, number ce
1 1 numbel

numbei lu.

c, eumbei iT

These are discussion prubicuu, I niih unbwers.

aisduss as many of these a time 14,1_L,LAL whlhn

step in their judgment we "6-he I in 41lnln and which

ideas were new th them.

its A



'Teacher s _ Commenta

Chs -ter

THE IDEA" OF DMIVATIA

One Of the two basic ideas chr the

It is easy to appreciate hi iaea

bel'ore -formulating it precise_

Ti an on begin5 at 1. t.,

.aft of the derivative ur 1,a1c(A,-

,, point is developed ad a -f

'poitliwn the graph of th rpn

of 'a chord Joinin tn.
on the graph. If Ix al is surt, te,.l.

accep>ed as an mpprO_Ik.

of wciat ib by ahlfi- 1.51i

definition ur limIt 0_ 1 ,1

iThe p,. i u l Ulm,1

chord and has ho meoni

bypass the kinftly..16 glyu

algcL121.

'look. 1-

The r aI (It 1.

the addnmpti-, 4444A1

this functi,p, ti 1.

meditti, Math._

tion

think oi

slope ,,i

1441.

1F 1 val.

The concept -1 aital,.

1

1

I, .1,0t.--It41

-erUy Lhib biApp- 1:6

. ,

seuie L4, (114,44,

if



n

The phraSe "as x, proaches a" is to be uoei I iii the ueusc

- x pproxinwte w We never penult x to ass,ume to e a in the

approximationiprocess.

! 4
The word eppi-uxiiiinri ut 11M1l,

the 6t11,dllt 16 encouiru6eJ 1( ,1.1 _I.:. I

L Witch is to Lc Jefivei .A1.1Ty TT. . ,TTI,T, ,

Of approximati9i16.' if..i a ma.ren 4\itrot t is ,Lierr, then the
,-41

,existenee Qt u meane of ro1 ii i mt. 1.1 1S-6 riof

for aloosing Cpprnitiuie

The cpstlOn-deltu

iippeei

ihi,

6 T ,

the s,..0,t 1

A A 1 i itt L1,e



the function given by

chords Joining

f(x) mex x + , tabulate the slopes of the
,

to (k,f(x for

5 .

5

7 T5,70 7 100 ' 7 +. 1000 ' 7 1000
, etc., as fa1740 your tlime,

eylprgietarid inclinations permit. Can yogi-predict the limi( Uf the

approximations f_ :ah inspection ut- the table?

x x 1

5

7 Ea

'roc) 70

The 111[111 11.,e -pp(

(

L_.
70C

4A.

r

.o1

MOO

7

7 ,

). 1',t-,.;1., (.,1 1.A,, 1_,..,ii .

t_n

constru,.t a taLle le, 1,,
1, 14 . t he

orlgin aid k l i q , . . . . Lt, I : t 1. - , ,
(< ) A.,.. .1..,:(. fk,/..L. ucr

taken successively cica,r 1, c 1:-.1 i ,±..s,,, h,,I .--: ,,1 , 0z.101)

yhat Infoi-muti,11 1 ,,, ,,t-, ,,. ..t II . _lop,;, .,t h , -,,L .,-_':' h, Jour

opinion, Is it posall-le tc l(f,ne vr, di,Te Of u... 6ropi, aL

.1. 1 li )....tii, ,i1.4, L-Itibwer.
It ,,,, W10n1 1. th, ..1

,1 sk,IL t. t

,me Jar

or LI

end point at

appl-otnA, IJJJ

thc,f,.,)1"A... IL 1 -(_,t

def1rj Lh ... 1

tkq



2-2

(b) y = f

/

X

1 1
x g - 0.001 -0.001 -0.0C

r(x) 2 -2 10 -10 1 01)

Consider pOints 1).1-,e1)

C10Ser Lu the oltg1). Lut_

to the right of t origiu: thc

Slopes Of 'nhords LhIough its

the:0e i5.,o111(0

Out bound.

-X

1.,),,InL U0

tAte t p,.. .L 11.- .1 fAbb.,-1 LA LC

value .r Lhdo, )1,51,,ts 511,7, - , 1,1. sa ti
The 5551,c., 0, )155 ,,

(mve a large ,t5sOlute.) ,,, , =,),_. .),,,, 1 p"0,(5.c ..nu aegatIve at

c Us Lc W0111

(

I, 0.000001

.2104e17,

5.5 tic ssslglfl



At. each of the .points , 1=y7 and (2,16), find the slopp 0f

,. , '-

3x2 -1. % by cepat eting a table of values ; then verify

that your nswer is roY OftiWaltipeuofchda.,
,

1.25 0.75 ill 'o.9 0.99

The- slope

Verification:

F'For_agY.. 0 &must have 1r - 61 for x

auffiqiently close to ,

3x2
+ - 7 3x2 ,3,

6.75 5 25

a the 1-31)

.7 6.03 5.97

Po r + 3

Then - 6 1 = [3x.-

We see that taking the d4stane'a betweet- x and.

3

- 31x 1 11

than the inequality 1r(x).-: 61 c holds.

The slopeis, 12 at hj'Poin

Verification:

FOr any > 0' we must have 1

uf.ficientlY close to 2 .

smaller.

r(x)
3x
2

-1-4 - 16- 3x2 -

x - 2 x x - 2

So r(x) 73x 4, 6 , x / 2

Thpn I r( x) c 121 7- 1 3x - b

gives, lr(x) - 121 .E

_b.4 the slope'of y = g(x) pt the point on its graph,

Where b = g(a)

x2 4 + 4
0 2

The slope of at the pa

'17

nt is 6a



Find e.lowest' point on thegraph of by methods-OT coordinate
geozfl try.

The 1owest%-point 'On_the grph of g(x)
since-any.positive Or,negativer'velue's of

_ .

-+ 4 is at (0,4) ,

2
make 3.,x positive..

Check,your answer to c)
,

by using the result of (b
needed) one may be found-in Section 1 .)

a hin

From .(c) thelciwes . From b) the slope is zero if

0 . This is at the point. (0,g(0) or (0,4).

.Find_the:slope of- y at. a where b (If d hint
for the Simplificatio o _ (x eeded, one may be foUnd in '

Section 1-1.

he slope

Is there a y
highest:poin

= x ax + a

pax *a

2
x = a is

x

oyest point4 on the graph of y = x3 ? is there any
Is there any point where the graph is horizontal?

There is no highest point or lowest .point on the graph of y = x 3-

The graph is horizontal if the slope 3a2 0 i i.e., if a = 0 .

What is the relationship between the slopes of the function, in Number-
5 eorresponding to the points x = a and x = -a ? Ints4ret this
resulpgraphically. 'Give examples of other functions hai'ingthis
ropertYv

They are Aual. The tangents have the some slope and are parallel. 0the

frisotions having this property re polynomial functions of-the form.

2n+1--
P(x) = a x an integer.

[Accept from students any specific examples, then ask them to -cheek the
sum 9f any two of these to generalize -to obtain above polynomial-. Graphi-
cally, this curve exhibits symmetry with respect to the origin. The fune-

'3
tion f(x) x- would have the some properties except that it is
not symmetri& with respect to the origin, but it is symmetrig respect'



to the point (0,3) ; We say itis,centroaymmetric with respect to this .

pt. In the next section, thartWill be a prolplearabout the cantro-

At es 0 a general-uble-and-a-liefd-now-will-Make=thit

-easier.

The result ildo holds for curves whose equation is f(x,y) G where

equation remains the same if x iS-changedto ax and y to -y

f(x,y) = f(x,-y) . Such a. curve is -said to be cedtrosymmetric about

2 2 .2

igin (0,0) . For example:-k y a ; xY = a

=What is e relationship between the slopes of the function in Number 4

corresponding to the points, x'= a and x -a 7:Interioret:this result

graphically. Give examples of-.other functions having this, property.

Here. This means the angles of inclination of the graph

at these points are supplementary. This also produces a form of symmetry -

-(with respect to the y-axis). As in Number 6, functions would be gener,

ally deftrilaed as polynomials, but here only even exponents for x would

be-found.

The result also holds for curves whose equation is f y 0 where the

equation remains the same-if ,x is changed Alg -x i.e.,

f(x,y) = f(-x,y) [symmetry with respect to the y-ax-- For example,

x
2

+ y sin
2
x 4. sin y'= 1

Find the slope of thgraph of h x 4x3

where b = h(a)

r(1 x - a

2
= 4(x2 ax 4- a - 3(x + a

The slope of the graph at the point ,h(a)

12a-
2

- 6a

at

19



pbinta where the graph of h is horizontal. Can you
charketerie these points as u tLighest u

or lOwest, u perhaps'in a

ret senbe.

'The graph' iChor zOntal

12a
2

,-i.e.,.if 'a g 0
1

or a a . At the point ((40).

the graph has a="local highast7

point: at the point r( 1

the graphhas a'filocal iowese

point..

Solutions Ex- c 2-

Find, the,-slope for x = a of the general linea functidh f : x--e*Ax ¢ B

(where A- and B are any constants except that A 4,0) and compare your

suit to that obtained from the standard slope- intercept -form of the,,

equation of a,atraight- line in coordinate geometry.

Thestandard slope-intercept form of the equation of a straight line in

coordinate geometry is y = mx b , where m is the slope. Then for

y = AN the. slope-intercept form ,also gives m = A ,

For what values of k does the line y = k

2
y = Ax Bx t C (A

- 4

(a) no point`
(b) 1 point?
(°c) 2 points?
(d) What is the lowest or highest poi_ of the given parabola?

the parabol

in

20



will corres

ints of intersection of y

Ond to the number of real solutionssolutions.of

AXE t Bx - k = 0 .

Far ( a )

A .> d ,

if

nt of Ax
2

Bx - k =. 0

-ler° wherr

2
'B-

C = and the line.tersectn the parabola at

and (g) the values

then.

B
2

k < C - ET the line does:not intersect hel6erabo

k depend upon the sign._

ne

.A°. -If

t2

if k > C the line intersects the parabola

points.
=

Reverse the above inequalities if A

,-(d) The lowest (A > 0) "*or highest
0

! (- C *

Find the highest point on the graph' of

using Number 2.

The highest point is (-3,111)

-o distinct

.-

"pointofthe parabola

(b) Explain geometrically why the point in (a) can also he obtained

by finding where the slope of .g(x) is zero.

if the tlope of g(x) is 0 a , the 4,16tion of .the'

horizontal line described i Number 2 is y g(a) . This,

point, the highest point,line.intersects the curve at only one



is the greatest possible number of points where the graph of a

wedrat Mot on Ax Bx +,C may be horizontal?
.

.

The'graphMf a qUadratic + Bx

horizontarat points where the slope- m is zero.

2Aa -1,B= 0

my point where the graph o

'Possible for-the, graph to be horizontal atcless than'the
ximum number of pointsy.ortnowhere horizontal? If the answer

either question is affirmative, given an example (in the form of-a
specific function) -

The graph:of the quadratic function always h_s one herizontal

y = f(x) 20X 3x2 :Find the slope of,the curve at the
(a,b)', where 12) = f(a) .

a

, the slope_ is -:20=42-6w: 3.

is the slope zero? can yoll use this information ire
rig the graph of f

slope io zero where 20 - 6a = 0 , i.e.,

.highest point on the graph is at

Find the slope of the curve with equation
2 _

y = h(x)
3.

Bx- + Cx D: (the graph of the general cubic
function) at (a,b) y where b h(a) ; here A,, B C D are
any constants, except that 0 . (If :you need a hint for the

simplification of it may be found in Section 1-1.)

The

B x a
x - a

X _ + _ + B(x + e) + C ,

The slope of y at (a,h(a) is 3Aa2 2Ba + C

22



.What is the geatest possible number of

cubic runbtian h May be horizontal?

The greatest number of po n i where the graph'of a

may be horizontal is 2 . The quadratic equatioh

.3AB 2Ba C 0

eel roots.

Is it possible for
less than the maxi
give-an example of

UbicLfunction to haveits graph horito
number of points? Iftheanswer is !!'Ye

etre, function.

A cubic;y fail #o' have its graph horizontal a

diSerimtpant of.the aboVe 'quadratic in .a is not positive. If

102 ,:12AC < 0 then there-4re nop,oints h _ the graph Of the

cubic has a horizontal slOpe. If 4337 0 B
2

= 3AC.,

o points if the

theft` there is one point of the, cubic having a horizontal slope.'

d) Is it.possible for a cubic

horizontal? I .the answer

Ac function.

Yes,see.4( above. If B

make many examples ,such as

x3x

A7= ShOi:1 that the 'curve of Exercis

h(-

function to have its graph nowhere

is "Yea," give an example of Such a,

and C and 0 ,-we can

= 0 ,

is centresymmetric about the point

Centrosymmetric means that given the

above point-as!a.center;'s line seg-

ment starting at any other point on'

thecurve going ,through the center

and extended will intersect the

curve - -again .so_that the cent

'the midpoint of this segment.

PC . ZQ and

RC . CS

2



4J

It is e sill, shown that 1f PC = CQ-

__ _amdif:_.pg -is a strai htaine- then-

QC = 0T -and PT = CU . So if .we

-take values of x the same distance
B

in .each, direction groin ,

should get y 'values- which differ

from h( by the, same amount.

and compu h(x

and then:

B2E BE21' v3

A +"

2 _

)

BE B 2BE
ti,4-B

3A
2

E
+E

3

So

0 -.course, if 'students ,have studied Analytic Geometry and have had trans

latiofls- MS0--Analytic Geometry, chapter 10), translating the equation

so that the center of symmetry becoMes the origin gives:

y = AX3 4-

which is referred to in No. 6 of Exercises 7=2.

A function h is defined by the formulas

x-
3 x < 1

0
-x 4- 2x , x 1 .

71nd-the -61,61e'-e-the-gre-ph of -h for x- < 1 and-forr >1-i
possible in your opinion to define a slope for the graph at (1,1

Uilfegin=ea-gument to support your answer... (k_sketch may -be helpful in__

4nswering the'lluestion.)

)



and

It is not possibleto define a slope

_ the graph of, h at

fr
0

Until now our discussion of the idea of direction and elopt-for'a curve.

has been generally at a theoretical level. Although We knew from Section

that the concept of slope will ultimately be useful in "best value"

.problems it is satisfying to have another more,immediate applicat' _

You'are probably familiar with the fact that large telescopes and-auto-:

mobile headlights use parabolic mirrors. A parabolic reflector can bring

dbundle of parallel rays like those from a' star* to a sharp focus. -You:

are now abke to dethonstrate the sharp focusing property of the parabola.

According to Heron's r1aw of reflection for,,kray of light-incident,

upon a smooth mirror, the incident rall and,the refcted ray make equal -

angles with-the mirror. Suppose the shape of the"cross Section through

the axis of the mirror is given by the graph of y . .prove for 411

incident rays parallel to the y-axis .that the reflected rays have:a .

coMmon point of intersection as in the figure. This common point is

a called the focus of the parabola. It 64n also be shown that this property

c_ racterizes the parabola; i.e., if the curve is such that all parallel

rays pass through a common point after reflection,-then the turve muet

a parabola%

At stellar distances the deviation from parallelism of all rays reaching.

the earth from a giVen star is utterly negligible. ,

:3



Th &s old chestnut appears here to enable the teacher to discuss equations:,

of lines (focus and point of reflection determine line) aid angle between
. P

two lines.. Discuss reflectkoncon a, plane mirror and if physics class has

nOt-anticipated-thisy- indicate- hat angle:of-incidence-eqUals-ang?,e-Of-re-,-----

flection: Angles between lines requ,i, the theorem:

arc tan

ml is the slope of Zl and

is the slope of

-Here, the plane i

the curve. at that point:-

replaced by the tangen

Do not lose time trying to have students

,bere.for motivation not exhaustion.. The

equatiohs, and this idea may be reached this year

line, which has the' slope.of

complete the Solution. It is

converse involves differential

by the class.

Solution Exercises 2

1. [NOTE: Even though this prOblem consis

Very long to do. Also, one does not ha

included because there are very few

tions are strebsed.]

Let us assume that apellet is prod
comes straight down the same ve
from which it was launched. After
above the ground. Some of the ordered
following table.

of many partt, it doesn't take
.

a td assign, all the parts. It is

ms in which physical considera___:_,_

_d straight up and after-awhile
ath to the place on the ground
nds the pellet is a feet

irs s) are given in th0

26



10

_ ' 84 X36 --0-336

We 'shall intentionally avoid certain
physical considerations such as a

resistance.: MoretVer, we shell deaf with simple nuMbers ratherthan

)'quantities measured to some pre_cribed degree. of dccUracy'which might

ariA from thli data of an actua proje tile problem in engine.

Interpolate from the data given
Prejectile after eight and-nine
usAg symmetryas your guide.)
of r-for -t-= -1 or t = 11

After how many sec nds does the
its maximum height What seems

For

t

below th

ft.

to determine the height of the

Seconds respectively. (duees,
Does extrapoiktion to Xind values

make sense onphysical grounds?'
projectile appear to have reached

to be the maximum height?

da, s. 256 feet. For 9 seconds, .6 = 14 feet. At

.

or t4-= 11 , ,s is negative and may be interpreted as

surface of tha7 ground. The maximum height seems to be

reached after 5 seconds.

Does s appear to be a function of t ? 'If so, discuss the domain

and range, taking physical considerations into account.

A table'as shown where there is a unique number for s under each

t represents.a function. The domain is 0 t C 10 or'the interval

[0,10] . The range 0 C s 400 or the interval- tO 400] .

If we were to plot a graph of s = f(t) ,

(1) is it plausible on physical grounds to est ct'o graph to

the first quadrant?- YES.

(2) Does the data suggest that the scale on the s-axis :ertical)

should be the same as the scale on the t-axis (horizontal?) NO.

Keeping in mind your responses to part (c),, plot the ordered pairs

(t,$) from the table. Connect the points with a smooth curve.

What is the name of the function suggested by the graph? (Parabola)

On physical grounds ia;.it'feasitle that there would be a real value

of s for every real number assigned to t over the interval

0, < 10 ? Were we 'probably justified in confiecting 4
the points?



t
nuMbetfor07-t over 400

-prodUce a: value for: , so we'
320

were justified inOnnelping
280

the points.'
240

200

160

120

r80

..:Assulting-that-the equation -s = f (.t) = At
2
.+_Bt +-C wa -used-to

develop the-.entries in our table, find values for constants A ,

B , and C

For t = 0 f(0) =C -. 0

t . 1 f(1 ) = A + B 7 144 A . -16.

t. = 2 f(2). = 4A + 2B . 256 .V= 160

A. -16 , B .. 160 , and C 0

_.- 2
SMIch the graph.given by the equation s = 160t 16t over the

:intbrVal 0 < t < 10 Using, a more carefully plOtted graph of the
set, connect the point where t = 1 with the point where

t = 2 .with a chord. What is the dlo& of this chord?' Estimate
the' slope of the' curve at t = 1 and t . 2- .

lope Of chord through points.

(1,144) ' and

t 41 ; it

little Larger

, - ---112 ;-4t -t -=
/

mallet. than
_ _

(2,256) = 112.

would. be a

(Steeper) than

4- -slightly-

112 .

400

36b

320

280

z8

38

40

0 ' 1 910



he units--of

are'. the'.units'

ratio of units?,

_efeetand the units Of. e acondsi

lope? What word: is cOOmonly associated with thi

What would you gdess akeythe physical interprets-

er-zercand-negativezvalues-cf th

Sloe is measuredin.units of feet Per becondg; Speed is the usual

name: Positive values would'indicate upward movement; zero, a resting

position; while negative values would indicate a falling or downward

movement.

(h) Draw the' graph of v 16(N 32t ozer the interval 0 < t Pc. 10

Compare the values Of v for t g and t 2 respeaiyay
2

with your estimates for the slopes of the graph of, s = 16ot 16t
- s

'in pgrt'-kf)

160

120

8o
40

-4o

-SO
-120

-160

Averagetthe values of v for t = 1 9.nd = 2 'and Cotilpare't

average with the slope of
A the chord connecting the points where- .

-t = 1 and t 7, 2 in part (f). ,112 ftfsec.

In-the 'units of v are f and the units of t are seconds,

What are the units of the slope of the line v = 160 -c32t

What word from physics is commonly associated with this ratio

.of units? Does:the minus signrhiong with the particular numerical

value of this slope Java any special connotatVon from your experience ?_

The slope of e.line v = 160 - 32t is in units of feet per secdhd

-per-second. The word An physics is acceleration. .refera(

.feet per second per second (ft. /sec.`)) to the acceleration due to

the force of gravity at sea level.

.29



_ive'the velocity function for

ketch the. grdph = 0(
the, world 'line) and

the ,"v vs. t Curve (i.e.,-
thektraph Of6 the velocityas
-a function of time

Compare the, time when ' equals
a takimum or a minimum and when
velocity v = 0 . Explain this

.ThysiCally.

.The: /times are the same.. Non-

zero .velocities indicate a

thsnge taking place in a

etinits direttion. To shift .

directiois."smOOthlyr it must

tome- to to or go through a
,.

velocity of- zero..

(d) .Olven Or4y that 6) = 5 for
the function 0 that describes
the MOtion, snow that.there is
:a second tiMa. t when 0(t) = 5.,
and fi2nd thae value of t .

(This is not done by calculus}.)

'

= 2t
3

- 39t2 252t'- 535

Solving a cubic .usuallris

'difficult, but we know rthat

6 is a root which enables ,us

to -reduce. the cubic to a

quadretic.

3 ,2
2t-- 39t -y252 - 540-=' 0-

X

I

0(t - 6)(2 27t 9p) 0 , which day be file orej further to
-1-

6)( 2t 15) - 6 , therefore t = 6 or

40



-Find the time of greateat speed between t = 6 and t

From the v vs. t graph,'it appears that the absolute value of

1
the velocity is greatest at t = o which is' the time of greatest

-2

ApOtd.

Find the velocity of an Object whose 1uc,,L1.0

'desoribed.byothe equation s 148t

and 'oh the same set of

During -.What time interval, or
intergalfs, is the object
moving'toward the loeati n

s,'=, 0 ?

at are

and :t when

maximum/

6 ,

' ba1. LI.A0

height h in le

h

,141t is tlir

t' :fee ? %/Lel

li 5k

h = le 13et

0 16Le

ich is true when

12 feet is
1

second

lee 1,4

6h,t-. ,_4 vs.. of

ite

es

t1,11 it reaches

at that.



tine .is v = 32 - 16 . The secon

time v = 32 , -16

Hog- higedoes it go, and et what time
highest position? .

V

One second aftel _

t

11 ill 11.0

An object is pA0e pp I- ill- ftS
distance s starting point_ L ..eco

cribed by, the equation s = 64t - 8t- Af,r, the ot.,ject reaches its
highest point it alide.t, i,,, 11_ ..611101 p/111, to tty ntartIng point

according to the eTieti,A,

the ,Object. from Itie

to reach the highe6L

)

trip.

s - o41_ ht
2

= 4

r.

the up end
utlr oek of
likwis. r
curve.

1

c !ti 1- Lh.. dlbLahcc -f

Look the obJeet



2-4

6. The location an -object on a #ra ght line is given by the formula

= pt
2

qt r , where p , -and r ere vcal conatalits,4pFind

instants of time when the object is at rest, and show how the number,Of

auth,instants depetids on the: & nts p q and

The object eat

3- Is dapendela
2p

p are real n_

For any Lot 1. 1

locatiOn. at tiTk, t. 1 uhlikel

foAla for the-e,.tic
descriptloi, of moLI.

(he

llia of a sIngi
, morc plausible



2-11-

.(b) It is claimed that s = 0(t)

and v = (t) are functions.
What has o be checked to
verify th s7 Does it check? 10

Show toe raph of each of
,these fu ions on the same
axes.

A Aim must ha

in its range for each t)cl

in its. dom*in. The sto

of the problem included the

endpoint of each intervi

both intervals. For etch of

these endpoints, we db v.,et

the same image

vela (for both

Iii LUttl 1TAL,

0( t

11(0.). We Unli eO A. 1, u,

the graph.

Durint whaL. L _

incree.,tingY

`Phi ve u-

-(J)
stilt? L e-
tt,LotiOnY

j

The

l Ise- livtIon 10

1 ILA t



Solutions Exerc

Find the derivative of f at a for

`equals each of the following.

(ft

1

-1

Ax B

1

Ax 4 B_
x - a

A

(Aa

where



2-5

(e

(f)

r(x)
X a

-1
M =

2a -a

171

X

x -a

x

X ra (a17 + /TO

X

2. For each of the fio.i ,

'g(x) = and h(x) 1/7 of the t. he f,J11owing: the domain

of the function; ate (II dll,y)j LLc...1.a4Shat.

point on the graph oF tht_, Cnuntion n, ); thtf low point on the
graph of the functi,w (iu ono)

1,0Int

( A

h(.)

(1 .) s(x)

;

1:
(110, r(.A)

(I) f(x)

(I -I/ k 1

point



Use the definition of derivative to differentiate f at both a

and a m 2 if f(x) equals ,,

A 4

N

At

X - 2) 4

A B



2-5

For each of the functions tf whose values f(x) are described below,
find.the derivative at a , where a is in the domain, of the function.

txx
2

2
3 x - x-
3x - 2x

(d

( f )

6 aid L

following fun,

A

g

A.

X Li

m 5 - 2a

m = -1 -

m 3a
2

m lim
-

tL _

a

m - lim
-t1

a

®)

ski

t

,r eauL the



2-5

What i the relatiOnship between the two answers? Explain this relation-

ship.

mi = z The graph of y is the refleetir Jr Lite graph

of y f(x) x 3, n the line y x

f: x » and f :

6. Use a to of sines obtaia 11,,,

x approaches a ,.. 0 , and mmke m c.:onjc,A,We as to tt,c vol .1" Lids

it What can you conclude about the nlop, of the e,uph 01

sin x
4;,11 bTigini;

. As x approaches

111 X
at j

6

X

_Jr

-

8. In Chat. , 3holl

to have alt ,e61 numt

familiar lbws er
Compute the ra

at X ® a'. 0 mn fah
-rentlete 14

- I

aR

o I.,

(1,4. i n,
A iivat1,e 1

before s'a mn
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Prove that the derivative at x = a '0f:

(a) g : r- 1 1
is - . (b) 'h : x

X
a

See Example2-5a; for

proof, siee Example 3 3e.

10. Find the slopes (if any ex
for which x y :

x y A

Y -x

M -1 re

X ) -

ill

X

'3A

6cc Example 2-7b;

ae Ex_Wc

-vea at pointa

f®



The following fair cases must be cots ldgred .

x y > 0

y > 0

xP y x - y = 2A ,

_A A lyl c A

-x =
y 7 -A elpi 1 ®)

Of these 4 cas,
,,

s1 pe5 thelJ .re Lei-u

at point (A,A) in

points the "cur

:

1 5 A

1 er these



6enaralize the esu of parts a

Since interch

-does not change

symmetric -AoutIthe line y = x If the.curve is smooth s in

a - c , lige y = x tttr Mc ,lurve at, tw angle of 90°

g ith x in each of the original eRua#tions

e value of the,eauationp, all of "the rela ots-are

and the slope is -1

until we graphall p=rts or

the relation which graphs a=

a square. FroMyche figure,

one may s,ee that, the line

y = x bisects the erigle

made by the two parts:' of

graph et the polat5 where

y = x In general, for

symmetric relations (%,11-14

respect to y and x

the curve is smoot

it has a nI,Op 01

curve is not s,00,L

y = x

.1,-L bee Lhis-generalizetiOh

(L, ( 1r lie

,y,0) 41t1, '114



Teachers' Comiuetltary

Cllater

I tNIlb ANL,

The analytical deffr4tiaa of

helped to provide a sollhd,ffiathematjsar basis for ca, ,r.-

be beZ-t uncle tood and sxplalned 41, term t f 1_41- . ,1Mi t

a.-Concept which is at ttm L. or dif_ lsl and Intev a4,

d`:Verves as a to for. sonsidtati,t, throho,,,,,I, it-

This chapter is imposta., i 1, th,A

calculus. It includes at ep.1 lui. ts-1 4 s

the ideas analyti_ally

In Chapters 1 and 2, eft,, t.

nO _ the limit-voneept,

- e - 5 J

S et4 ctlC

previously e4 ountert

r.11it Wit,

based, on cor'r'ect , eas

proof in preciSe terms WL bst

e - 5 form it Should be

been though selec Lt J Uc Gat

niques involviug

vided wilt, ov,,,ukc 1.41.01

we du not try 4, IA

even 1n trbe rap c

Which flll ,ork.

he ideate me . ,t

e*Po to_ _

,

_it from repeats

the

w

Ideas about 1 limt t s

0

t I

. tit

suQQe4L1,"

3-1

1 _ t t
ideas

1 ao,..)

10

ot ent _KJ!. wises flaVe

Jeri n . Tech-

SM,eleht 1-

lioUt that-

4j/fic



Consider f X

M )

For k

lnteg

Solution- Exerci-es 3-10 0__

[-x] . (Pee Section A2 -1 fore.disc _sion of

where n is an integ r, f(x)

n < x 11 t 1 ,.:1

whence

,[x] = n

In this case, f ) =. nILF (-

(-)

at n er, 11

close' 1 1

1im
x-n

L x]

-n) = 0 .,, » x not

'LI v6 61 fl is

X 1=

6tUnal . I

mG



' For Oteh o following funetions ske h e graph and, _ poss4.ble,

find-ihe limit as i ppprbaches 0.
,

lim
. .x-0

does not eXis

5

/.1---r
j ° ® /

not exist.
Pg



Interval

Oh serve tha a 3 pproae . 0 ;through nega e values
NIr xi becomes, large without bound; as_ x apprOaqhes

x FxL *

through pos4five clues _

) 0 for ,0 < x )

s.ppr dale s 0 ( although

46



-2.- refinitiOn of-Iitit'of.a Function

In some texts, the idea of limit often is expressed in words likethese:.-

'If,- as _ gets Closer .and closer too. -a , the values of f(x) tend to the

v' UR L., then we,c- the limit of f(W) X' approaches a
f

_difficu Olty with this.formulationj apart frm the vagueness of the words,'"gets

closer and closer 'to," "tend to," is that it suggebts the false notion that if
0

clOser to a than 'is then f(x0) closer to L than $s!

ple TC3,2. Consider .

We have lim
x-0

integer Theh

x 0

1 :2 ,
=. 0. _ x1 avid

-1 2nn . TC(7777VFIT,

-2
Ix,' but if(x2 )I > If(x1)1 since

(See Figure T03-5a for graph of f .)

a non-zerp

2

T,Tr77,7y

The aboveidescriptibti of limit Wes no clear idea pf just how to verify

that L is the-limitlf f as x approaches 'a in any particular case.

We are compelled to give a definition which yields a cleatrcut method. of

/
verification.

Quite early L6rour,discuseion we' _
Appendix 1-4 for an explanation

of open and closed. intervals. °These ideeS are essential to the material in

this and succOeding sections.. In the exercises, -substantial use is made of

ideas relating to the order propertied of read_ numbers and absolute value:

le student expected, to apply basic inequality'theorems. The objective

is to 'develop computational faciity with absolute va4e as a backgroundfOr

proving facts about limits. As a lead into Section 3-3 we feel that it would

be informative for the student to be given. some numerical. values for e and

Lbdrequirekto determine a 6 sufficient to control the error (see,

example, Exercises 3-2, No. 11).

f: 47



Exercises-.3 -2

The theorems Sections. X11 =3 provide the basis for the following

arguments. : In the general appiidat of the transitive property w

strong inequality in the conclusion since a strong inequality appears at.least

Once in the chain .ofreasoning see Section A1-2). Walso male extended; use

of the inequalities

ow that if

31a1 *

31 al.

< (31a21 31a1 ;Mx

< 1, then

Ix'

3,- Show that if <
1

1x 41
Ix r 21 1 , then Hint:

;-,.. 1

A1-2, Number 1 if 1 x - 41 > thex4 .' -,-,1i

have Ix - 41 = 1(x - 2) - 2I whe

1-21 x

I4t1

1-21



-Whende 2
a 9ax <

from which the emit follows.

5. ow tha !£ 0 <

Nhence

have

14x +1l I 4(x - 1) + 51

< Ix i1 +5

< 4 . 1 + 5

< 9 .

11 < I have

lx 21 1(x - 1) +,31

Ix - 11

then .14x. 1[ <

49

1



Finally, _ 0 < 21. < 1 2 we have

1 1
< 3 1 .

1

4

Estimate how large x2 an become if x 10 restricted to the open
interval -3 < x < 1

If -3 x 1 then 3 > -x > -1 whence

-x + 1 < 10

Use inequality properties to find a positive number such that

, 0 < Ix - 11 < 3 for all x and

(a) lx
2

2x_i° 41 M

(b) 13x2 - 2x + 31 < M

-,-,5^..-

We are requii.ed to submit any positive number M 'satisfying the given

inequalities, It is not neces!=arY to find the, smallest osiible number

te;

50



The problem

for _tion

etudent than

Ls includedhere to give the student preparatory expe ences

- Because of this, the strategy is more valuable to' he-

the' actual solution.

0 < lx - 1

+ 2x + 1

1(x

<

We may take

M > 28..

The graph

28. .

as number,

y, IX2 + 2x +

shows __that __any- number M_> 28

serve.

< M -.

Ix -11-3, then

2 - 2x +

2
1 .+2 - 1):

1(x+.

41?(

7

o

31 - 13( (x - 1) + 1) 2 - 2 ((x - 1) + 1

= 13(x - 1)2 + 4(x - 4.) 41

W e take 14 > 4 3

The graph of y = 13x2 2* + 31

shows that any number M > 43

will do.

51



-Shoii that il.o <|» 31< 1 and0
'c'e

then

( ) Show that the psirof inequalities 5 o_

5 < mint', is satisfied by B = 7.:

1= c < pince
+ e 7 t E

7. e
tht resul ollows,

for all x

< 1 from Number



114 For the given Value nd n such that if 0 <

91 <.
=- 0.1

.

(

Is your choice of in acceptable as an newer

At the las

Ix - 3

31 -
.(lx

-31

+ 6

line we used 0. Ix - 31 < 6 .) For cqpv,hience, We
2restrict 5 so that 5 < 1 . Then, under, this condition,

1

-

To insure that
lx2

91 < 0.1 we

To insure

The choice,

then--

2 - 0.01 7we take

is acceptable in
700 '

04 1

7 70
0, 01 1
7 700

if 0 < Ix = 31

91 < 75 < 0.01 < 04'.

1
700

12. For the following functions, fim thethe'limit L aso'x aPproachas a'.

For each vlue of E , exhibit a number
whenever!' 1 x al < 5

(a) f(x) 3x - 2 , a

(b) f(x) = mx'+ b (m / 0) .

f(x) = 1 a= 0 .

lim (3 - 2) .

1
.

.We -wis1 to find a such that

1(3x 2) ff

if lx

I3x

3Ix

whenever I

1

2

such that I f ( x ) LI < c.

53



WO that whenever

or..this choice of whoever

54
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the import once of technical mastery :isrlost on some. etnents; nsu

the brightest, It may be necessary to emphasize for them the Cop

be-tWeerHnedhe14-altil-Is_and_a_c011-1,-_gra-s-oftbesubec

aeoompghet1-*Usician can perceive the egSbnce of a composition without

. 4

tumbling OverindividUal notes',the accOmplis4ed user of mathematiP-nrmus

have enough mechanical facility. to be above diStraetioniby Mechanical details.

The same'remarkO apply to the technical sections of Chapters-4 to 10.

P.

4
eat deal-of pedagogical consideration has,gone into the -coition-.

of Section-3-3. The student should develop an operationally satisfae ory way

of yoFkigg with the idea of limit. Memorization of finition is

ertainly) not sufficient. Nevertheless', definitions are like the fixed

ars. iThey g th' student a firm criterion for knowing where he is.

We wish to cultivate titude inquiry in which tie student asks

himself the.following ques

lhaVe-Stlitable

ay: since th&,.-A- -imatiOns are usually taken 'endpoints or at

points of,a.defined.tri

;11c4.,shadi I test the candidate to see if it is the limit? Can

:-,keepAhe error within any given. tolerance 6 hy:e6nrining the p_
-

x to a suitable 6-ncighborhood.of

It is easy to show that ;.there exists - -aan arbitrary

control, b 0 , then any sa7ialitir po6ltive number 14111 certainly cuff

fbr the Far, let there exist a 6 > 0 such that If(x) Ll' e

whenever 0 e lx ar < 6 . Further, let 5* be any number, 0 <

It f011ows at once Aat for &I that O.< IX.- al < we have

ce

0 Ix whence, for all x , If(x) LI < c .

We are not nee with the tan -it that rf ves.the desired degreec

whieh

to

of control over the

is suffiOient. The

__numbers_lesptnan

attention on the deleted interval:

error tolerance.. s ; rather, we see any
1

number

task often 4mp!ified if we agree to restrict

simply means that ie are focusing ou

We noted in Section ifIsfation that =quently we are

able to find a simple fungi a positive- constant.- This



o

wit

m the fabt f' continuous on a.nelghborhoe that

continuous. on any closed interval centered wi,thth the neighbor-

On of continuous functidns Section 3 -6) Consequently i If I

glue,on the 4#4!vali (EXtreme .Value Th;oremir;SectiOn-3-7)

hood. compels

has a mss

Let X b

intern

lips with`

paw of

greater than,the maximunf, 69 that

CY lx - aI. < where'this

erval there exists a-value; with

aPier 5) such that

on the,

-neighborhod

he:b-nelghborhood

For a brief explanation of "upper bound' d "lower bound" qe refe

to Exercises A1-4 4.

you

-The method of bounding the denominator in Example 3-3e is given because

it routine procedure conforming to the letter of our general outline,' A

short cut is to anticipate the problem Of bounding x away from 0 at lfne

(1)'? . We may recognize at once that: since. Ix - al.<16 the dist ice from

x,;.to A is no larger than -6 , we may then keep x .away from 0 by reguir-

ing 6 to be less ttan the distance

may take 6 <14
2

ZVI =

I al a from 0 . To achieve this

For,your reference we list the following generalities:

1. The definition of limit employs only values of ax different from

2. Limit is a local property itometimes called a property in the small)

involving.the,behavior of a function within any (delet,neighterh000

56



The existence:of the limit of, at' a'pOin, _

for, sotse .vaIues of x- in eVery deleted neighborhOo 6f

f(x) exists for some values of

0 - 04..0fLthe cleletidtneightfO

The assertion that the fun Lion,

is not_ the sate as saying .f(s

ii Li upper (lower) bond. of -ftx

The value -Of- B depa__

c constari

has the limit as, v -approache

L b nor i it the, same pg. that

A careful distinction should be made betWee the analyai problem

,and its exposition.. This is par:tidulArly necessary in the c limit proofs.

Steps. 1 and 2 show how the Solution- is .found: in Step 1 we examine: the problet

dek set up a simpIlfied,,model; in Step we outline.. out plan of attac,or--

strategy. ep 3 Le, the actual proof where it is verified that the solution

has been found. An attempt should be made to develop

<presenting ProOfs;

Solutions Exe

In the following epsilonic a=rguments, the analysis (Steps. 1

pattern of the text) precedes the proof. liberal use

inequalities

(Section A1-3) . In the selection of 5 (in Numbers 4t - 4g i

to restrict S by the auxiliary conditions that S < 1 %. 'The:pr 6

cation) is simplified by an application of EXercises A1-36, Number:5b.',,

, 1
Prove lam v- x - . obtain an upper bound: g(

x-4 2

error and find 8 in terms of .

In this problem we write out the steps in detail_.

To prove that im ( x 3) = 71 .

xz4

For each e > 9 obtain a

ShoW.:: if 10:TX

Step T.

57
x - 41



(h ) 0.<

. meargume hat prov
c any c ustant.

k k any const

se the results of &ample 3-3a of the text for parts b and tc.
_

.(:a) lim c c conatan

5t Cement of problem:

For each c > 0 we obtain a 5 0 such t x
then lc cl < c

singe - is so han 0 fhr- all
take any positive number for 5 =

Eat itrarily
c4-

lim x a

ma 4- b r 0,-

limx= a
4 x-a .



lien '= ka , k coast

x-a

If ,k / 0 , the result' is a direttoboc

k 0 , the result follows rom,part (a)

Invoke .the de:
Proiblem 2.

directly

See answer to Num(er

lim x a
x -a

We follow the pa

To makt g(b) alsc

Thug, i c c

(C) lien
xa
we 1,11

where m k

For

IA.
X-U

X-1

A b.

-1



ik

1
Im 1
X01 +£1 +. x2

1

1 + x-2

Take

Verification:

if rte/ and 0 --_ I I

* I 4

I le

th_1, _ -oodA

A

and
4 -

( KIM ,4 -

-6
A

1 4-

II



x3 3 2lim 3a
±a x -a

We have x3 - a 4 2
X + ELX fOr 14111:1Lcz.

x -

x3

k

r CO

If

1 I

1

I

3 1 a 1

3-3



3-3

( a) Urn
X-1 x + 1

x + 1-2- 1
+1

?Or L,

cuicLtL1ui1 L
I

-

Ii .L1
2

H I-1

Ix

I-

ta4,e ( for flvLn J 1

Vt.Lk

If o - 2 +



3-3

For convenience we restrict 6 by requiring < 1 Under this

condition, if 0 < lx - 2J < 6 ,

1

3
<

la

..m/h4c,11e0 3 -ey

No. 6)



3-3

Thus if 6 < 1 and Cr< xl b have

Tu Li

Ii
bt,

7 7
lu ti. iabt

Lis



We require that

take 5 --g

Verification:

If i =
9 c

1,hdLi5`iAJ

< min(1

W 10

x r

3-4

ThiE cOnUltiuil to .natibf d if we

11,_f % lers

04,41

t t . r., -1_) { is 1 Ctri

t

I 1 hr.

t L - (

Al M
d

4. LW;

vi 010" 1 6

1



THEORM. - If

d Tim
x-a

and M are limits or

Proof . ppo se

and E.2 > 0 such

Hence both inequ

Thus

that

Li

SOmt.
4

:111

0 1 al I.

Lulflo

4 1.



Since_ f(x)g(x) TAM g(x) L g(x)

'e(x) o MI d Ig(x)1 < IMF -then

I < If(x) LI 16(A)I ' Ill 161 ) 'H

I'

3-4

If(X) LI El

In order Lo r ntali la tt,it, Ln,

cc,v.e,. 1 1

I
r..L

i



3-4

Mathematical induction (Appendix 3) io requIJ,i pr,-i
kI 4

corollaries to Theorems 3-4c and 1-4a, Jcbp,,Jiv,J, ihrJ Kb

through the proofs gain a deeper' ,1 kn,

results and an appreciation vi p-w "1

In Lemma j-4 (and rre ntj,

hood of a wherein 6(x) L.

all 4

the

Fo

h(A)

I

W1.1

MI

fie

t,



Proof. We use the First Prin

and take for A
n

the asserti

Fo =

littt

uth

x a

whial I 1.ff 4, T11,:o1,-.

We now as-4umq A Lcu e Lor

From th, 111,11,1(7410,.1

Now

3 -4

,-:44.111,1A; L 1 ( Ap.E,"Fili 1 A 5. I),

)



Prove the, corollary to Theorem 3-4d, 1 u4

liM p p(m)
x-a

Proof. To establish the cur 1.4-y,

matical Induction to prove riret,

A

We take fur

Fur zx = I

which 10 Llu,_ kk .

We ilow ae0"the

hypulhellb



hs as to be me

Provr) Lim

COrolia_ 1

A c(

rm LgAtJortiu,d

of <p

C/a 1.
,

no nn

Corbi 1 'y to Theorem

X'"./11.

(r)

lim i
A

3-14



if M < 0 , then -M > 0 and

_.

x-a
Therefore;

or

COITLA'4,11,AIng thk,

. Prove the

( a) Corofl

Lhcri lim 1 -
hglx

ki 441

Li

k

.51S 1.

1t I III )

M

A tA

Liij I

q(
)-4e



-4

,Find gi-Nr-a-thste,p-t11
lintifids -it.

) 2 + x) = 1iur2 a m.xc.

x-3 x-3. ]t-3
Theorem: 3-14c

Theorem 34a
Example 3-3a

1 rm + lim

x-.+1

= 5

'Theorem 3-4c

m 3-4b,

Pie 3-3a,
,Thcorem 3-41

where a and b are constants

lira

2
ax + a x +

x3 ax
2

+ x + E

-1a lm
1 xi

b-lim
+

,x -0

a 1 - b 0

, where a is constant.

a' a

4a3

b

Example 3:3-b,

Theorem 3-4c
Example' 3-3c

Coroll_
Theorem 3-ad

calowing limits, giving at each step the thegrem which

1 m - lim
Xyl X x-1

lim

as

Corollary 2 to
Theorem 3-4e,
Corollary to
Theorem 3-1rd



Corollary 2
Theorem 34,e,
Corollary to
Theorem1-4d

,:;;AA;

Find , liM 1

2

3

ri a
4T,.

pOSi Ve-integer. Verify fired th__

n-2

fication f the divisio

n-1 n-2
x .

oliy to
orem :-4d

.Determine whilther the following limits ex and) they cis exist, find.:

their values. .7

lim
x-a

does not exist.

10

lim
1

which

n a positive integer, a constant.

lim p(x) 7..p(a),
x-a

= a



x 4- 1
1) = 2 agiq lim , hence lim

1
x--1

doe's notiexist,-,

167 1 1
e) lm 01 - x

xfv, x--1 1

Using .the algebra of limlts 'show that

a)
if lfm

x.a

also that

lim
x.a

if and only

note that lim g(x) . 0 if and only if lim I g(i 0 , and,

x6,03. x-a.

[g(x)i 41 g(x)] I

A

e '
Fart 1. Assume Um B

IAl

7_

lim A a or lim L
x-

x-a.

Par Ass-uxn- e llim
f(a) L Ttia in-tplies that .11M A = 0

thus

that-- lim IA1 = 0 and., thus,

- ,

x
xft.a

lim 1BI 0 end lien B 0

x xna



1 Assume lim sin x.. 0 exid,lirn cos x Fin each o i' _the followi.the following

limits, if the .limit exists, giving at each s p the theorem on limits

which justifies it.

lit

rim
x-0

lin sin °x
)67.1)

lim sirs. x

= linti

x
,COS X

lim sin x
x-0
lim cos x.

0

lit sin x

lim sin x)- lim
x-0

n lim (2 in x cos x

(d.
sin x

x-0
tan x

. 2

2

_ lim
x.v0

lim

= 1 .

- cos x
11tH

sin X
OC,.0

J
lim sin x cos X

1X.0

lim in x lim cos x
x-0 x-0

Sin x cos- x

tdn X
sin x

= lim

x

lim cos xi

1 - cos x 1 x

sin x 1 + cos x

9
sin x

lim
sin x

0 . 0
2

lim
1 +

76

Co x

in x

Theorem 3-4d.-

Theorem 3-4d

0orolls.ry 1 to
Theorem 3-4e

TilsoreM_3-4d

Theorem -e4d.

Theorem 3-4d.\

Theorem Y 4d



cos 2x
cos:X 7

lim (cos

ve e c ies to Theorem.3-4f

) Corolltry 1 (Sandwich alleorem ). If h(x) < g(x)

12_

_-__Aeleted_heighborhood of and-if lim0(x . K and: lim g
. ;

x..a x.....a

then, lim f(x)aexists, 1K <Ili f x) < M

Since < g(x) in deleted neighborhood dr a
-

by Thsorem3-4f that
0

lim_ < ljrn
a x-a

Agdini sitce

by TIleore:-- that

or

in a deleted neighborhood of

Tim h < lim
xc.e.

lim h( lim f(x) lim g(x)

K < lim x

_ _ =
Corollary 2 (Squeeze (Hint: Prove lim

=

maxis

have,.

Because the proof of the Squeeze Theorem does not follow immediately

from Theorem 3-4f it is given in Section TC3-4 immediately preceding

Solutions Exercises -4.



Al2. For -what integral ,va.lue of_ m and ,n

the limit for 'these, cases'.

1. For

if

does
rnx + a

x--a-x + a
exi Find

does_not exis



Prove ha if ,aini: t( = 0 aria: 1 id 'I:IOW-14d; in -a neighborhood'
T i x,,a

en lira. _L ; g(x) :1,

V1 x.e.' `

Proof:- ince g(ox) '0 xl e,0unded ther- pooitive snIzraber..: M. such

in-a deighbalh6od of x .1:Conde uen
4

44T

= ( }'I ";g(x)

the- Squeee Theore



Give examloXes of factions f .g for which' lim
x.a

li _ yet h limit of their quotient does not exist.

x-a

'If )

at _O pf

4
and g _ x n

f (X
tituc does no have :limit

e, many ether examplks exist.

Prove .that
x.a

f(x)
does not exist.--of h uotie

f(x) does exist and lim g(x) = 0 , then
x-a

by Number 14a. Contradictiob.

line by

The right -hand limit at a point 11p,f(P)) Df a function is the limit
of the function at the point .P for a right-hand domain (p, p -I- 5)

Similarly, for the left-hand limit, the domain is restricted to (p - 6

We denote them symbolically by lim x) and limf(x) espectively.

14 particular, lim [x] = 2 , lim Da

limits, if they exist,' of thp.fellowingt
2

- 4
lim
x-2 4

For x e

For x e

- 4 . ( [xJ , 2) DJ

Ri+
2

x - 4

_ 4

4

XAT

Determine the indicated

_ Jim 0 0 .

1

{x3
2

- 4 = (-1)

6

does not exist.

- 4



[] = 2 .

ThUs,

lim 1? [;]) =-1im 1 - 2)

lim
x,0

Since

a x

b>

x P]

0, we can write

- -2 .

b > .

b . n+ r , -where n< ' is a non-'
x

negave integer ad 0 < r < 1 . Tu = n nce
[

x [b] bn
a x iTT1 r)

all E)

A x 0,_ increases without bound and
r

ce



The- first term is similar. to the fir. :term in: except
. . .

4' negative integer.. '.Since ai 0
:

' -1 fox 0 C. I

_

.-.:however, PI' increasers ithout:bound a ,x-.
....

..... k . . ...

does not exist.

(g) 1_

TC3-5. The Idea of ContiRuity.

The idea of continuity seems to be intuitively clear. A functiGktha

can be represented graphically as an unbroken curve is; of course-,xcontirf oUs.

On the other hand, there are continuous _functions with such bizarre behavior.

that their graphs cannot be accurately described. by a drawing

8

ample TC3-5. .Consider

(See Fi re TC375a.

f ( x

functnion

x in 2

x.

given by

A

Since lim f 0, is continubuS St 0; ho-

x-0
the'- graph of f .in the vicinity of the origin because

A

itely often in any neighborhood of x =

r, we cannot draw

oscillates infin-



/n this ,section, we are Only concerned frith local propertied of

i conqept of Continuity at a point involves the behavior of a function in a

neighborhood of the given point; hence the.function must be defined for some

x within every 5-neighborhood of the point. We can think. of Definition 3-5

...in another way: is Continuous at a . ifcorresponding to each ,c-neighbor. ,

hood of f(a) , , there exist a 5-neighborhood of a whose image is
e.

(Note that a is not deleted from the 5-neighborhoodcontained in- _

of

There are various kinds of discontinuities of,a function. It is. possible

for a function to be discontinuous at all points. For-,example,'the function

given 'by , .

is not continuous y x

x irrational

x rational or at rational).

TheufUnction 'f : x------ is discontinuous at x
x

. tinuity Cannot'be removed by assigning a value to
1

__x ,approaches 0 the value of f(x . increase ithout bound; i.e.,f1, _

lim-- does not exist. The function : x
x,

----..sin - is also discontinuous
-x

at x F 0 . (See ilgttre TC3-5b.) The discon* uityliswnot removable because

near x = 0 the function oscillates between, and, -1 , i.e., lim sin -.

. x-0

o . This diSepn--

x = 0 because as

does not exist.



&function g' is.notnot continuous at a but i 'defited'for all-valuei

of in a neighbor of including a.) and if limg(x).= L then
. xe.

s possible' to remove the discs ntlnuitt by r- aaaigning a different.func,-

t tffma:vslueat- b. -namely--g

Solutions Exercis

l; UseUse the formal definition of continuity -to show that each- of the foaawing
funetions-i&continuous at x = (See Exerckses 3 -3, .Ros... 4d. and 4.)

' -

x # 1
2 %i

x +

In EXercises 3,3, Number 4d, we proAd

whence, since

4x - 3x
,,,..x 4- 2

x

x- x' t 1

= 1 f is,continuous at 1

In EXercites 3-3, Number 4g, we proved

li4x 1
lire

x

whence, since' g(1).-= 0 , g is.continuou3 at 1



'FO what;valne(s] of each, c i the,follo a9.ng

y Your!arigwe.

is digeontinuous at -1'7t at,

ddition, 'lim f( does not ex
X00-T-

iCh.o
your an

.1.

discontinUous at -1 since not .

defined,.

1+ x
2

ds continuous

1
,

is dasdtintintous at -1 since h(- 1) ..is not

1 - xa

derinedj(and-lim h(x) does not exist-

: x..-1

-1 since lim e = g(-1). .

2

saugs the points of diSc- Inuiny of
--rdisps 3-1, No. I

%

-For all integers n lim f

Itt, all Points-

Prove th

x-tn_

t

[x]

is

(See

scontinuous

EX] :is contin4ous0 Very whIch,isp0
ntinudus'fat* inteeral values of ,x



=.Fete each of the.. following fUnctions defi

with the giiren one,for x .and. ie _co

a new ' n

U.ous at
whi ees

an -integer.

2 1)

x _2

2)(1 7 -60

For each of the following functions,- if pMsible, define a ,newfungtion=
which agreeo with the-given one for x 0' and is continuous at_ _ T. Q.

If-.this is ,n it possible state why. _

,ITposSible, since_ lim (x loes,

x-0
-7=



Qr each of the following function he Tilp no function which -aupp-

withthe given one for x a, can be so defined a to be.contipuous

-J

i2 + x 1
x =

x + I

dOes-mot existierois

or t./ 0

, Sketch -the graph of f Oyer the 'closed;

Y
2] .

Whitt happens -p0

by 'negative- val

If(x)t

f(x) < p.)

as x approximates

ewes without bound an x approaches



0 d fine a nction,w11 agrees -f for = x

0 n ous- at
_

does- -hot exit

d

inCressingfunction whose -do
if rf', IS not continuous at

.

lim If(x)-;-

p if lim f(x) iim

Ii4.- f(x) doesepot=exist,'
x.a

exist%--IFoot an example where it does exist

n is the .; e

,:'what can you

rkenera11ydOes not

considerthe

11'. For qvery.rea1 x
roots-0f ,x"
Where dbeel N h

Let. P(x)
-Where is:: F qon

ve

lit -N(x 'denote the number of distinct real aqusre _
the- number of5dfstinct real solution's of y2

limit? What is the limit?. Where. is Dr-continUous?

Where does have a limit? What is the limit?

g X 7

dAs' P differ from the function

Firs let uN describe N

has

has

ha's

no real solution, sa N 40

one real solution, sp = 1 ;

two real solutions, so N(x) .

If

for al

continuous at 0 .

POO ((x) -

if x < 0 , N(x) . 0 N(
9 x-x

Thus .N(x) continuous
o)

-lim N(x)' does not exist,
x-0

is not

Then

1 , if x < ©

if x =Q

'if 0 < x



is continuous
- ,

discontinuous:at

hp

at

-iii -.of the.functions f g and.' h

Of-'tote jnntiO& t-nare nocontinuous at
,.

The function's # sem -12 are __ !coatcontinuous at Since
i-d-

lim g(x) is cont nUbus at -0 L..- -

x..0
- /

*
---, %

,.,

13: Give an exaMple of-!a function Which
- inuous at Q. but hose

abnOlute.valud is6ontinuauz at 0
, !

.

Consider the function in NuMber,

Shciw that the' nction

all possible peri.6ds

1

d. deter/rine.

ational number

rational if rational, and x r-

_atiOnal. So

Is a period.. ilOws since x

irrational if x

for x

= _==
for x

rational ,

irrational..

6how that -ev)ry nonconstant periodic fuhotibn wh

at feast at one point, has a.fundamental smalle

ndi -_ . 34e- Ilt, here is llest.
,._

tratlictiO Without loss of generality,. we.
.

of continuity at x = 0 Wince tl function



0 non tent, It 'moat take .Ori, a Value other than 11_0

-= a .14-t p "`be aearbitrarily SMall period.,-; then..
. .

1.113):-/
. 1 ,

-

Sinde is arbi i-strily small, a c- d- bitrarily'
, , - ,

olo This l fbla imbosse since he_ fUnction continuous
-. .

at (f nsliSt take on slues close to f(0) in the neikhbor-.
; iiood :-

r ion- al x = ' (p , rela vely prime)
.._ = :

Cationil.
: z

_, ,
,

that r is can innauS._for all ionai:. .
x d discinitinuou6

rational 'x . .

d
.

The'point of:this exercise is to show that continuity 'at_ a' o not

the concept, apps riate to our geometrical sense., It is- n i continuity

at a point which provides a base for the calculua, ,kt- continuity on:en
interval.. Ihis.example shows that a function riailhavre both points of

continuity'and discontinuity in every iFtery of its doma,in.

, . - /
Solution.. Since eve interval contains bloth rational and irrational'

. t
reti

.1 Section -.A1-5). it is easily ve7ified that f iadisContinuous
ational points x . 2 Namely, eve neighborhood of 2 . contains a

q , A
ileastone irraiional no nt ; iienc'e,point

t ,i

,
--t

If(r) 7- fgq) . 10 .
2g
_,

...

is the c;nditior. for the
1for e. 2g

T.

-city of is t

.),. -_-

Thep of contiguity irrational points is subtler-. In* ,,,-im
show that-to approximate an irrational number closely by-ration numbers,,

e = , .
we' cannot use rational numbers with small, denbtainatorsh f-'we

observe for any. 3 ber and- fixed denordnator. ,m.-, pre= .

ciselk one numerator for wh _

(naMely n

_
m

numer AD ether th



Must have

FUrthermOre follOws f.rom 1) that,

A

I '11
v Thus fOr

m
f

at most t a,rationalr nu ers of__the fe- '

at moat .eq Such numbers. in ,a131. - If

6
q
denominator no larger than q:

be the closest distance of apProachto

k
Since -- can be

, m
e minimu:m eta

of the members of

there Via,

for which 1.
<

is Irrational; then, we 'let

"by rational number with:

ntILtm rl k any intege

icted to the'sinite set for which
q ,

e r is irrational, it cannot be equal to -...any

his finite set, so is o

To prove tzlOntir.pitr at x r be any. pas

Number' aria. cr, b ti > , Then for sorry rational number satin



.

TC3 -6. Proper o:

A'geomettictintg:tpreta
ztthe 1,dea fOr.soMe..st4denayt-Ill
:.Obtains a *etch of he graph, o

f,.f and .g Th_e reatrietiO

Cont-iriuou s at a ',Point

coeiposifiion o funbtiogs selyes to clarify
_ partioulAilly true if the. student ,aetual

the composite-:fUnction fg fr,ora the 'g ph

impot37d4i464 the "ddmafil. of fg beqome--

Fi_-- e TC3-

The line y = x. wil1.,be used to
sect points on the X, axi s . s

,*4 Tor example, fox' any given point (c ,d

we: may locate the .pOint d.,,O) which

is the projection, of the point ` (dl!d

on the x-axis,

Figure NC3-b

92



We eeleet oint xi to the dom&in of g and locate the p int
he graPh of g t n, using .the line = x as above

, g
iodate t e n g o) end, thereafter, the '.point

on the`gFe_phi of FignFe TC3-6c),"

Figurq TC3 -6e

ri ally, we to to the ',Dint of Atnte ectidn of -lines x

_ f --Thie. point, L I on the graph of fg

Fi r e TC3-6d).



We observe that the -pain
ig(lq

(x:
1)

fg(x
1

) P xl, fg(x1)) f ectanglb= The:ConstrUction,.

then, -can be described as a sliding rectangle. (of -changing d nSio:

one v rtexon the graph of g , one vertex on the Ude. _'x -one vertex on

the graph of f andthe_ fourth yelp on the -graph, of fg The construe-

*tion. is uniqup when the first three vertices are Obtainablel. in ether words,
.

_x
1.

must be iti the domain of g and g(xl must be in;ithe domain of f
1

A sketch of the graphis shoi4n in TC3_ The domain- (D fg indicated

- . on the x-axis). is the clos inte ,b] . Note tha, the interval, [ash]':

in the 'domaih of. g and. tile interval [g(a)- g(b)] . in the domain of f
r f"

Figure TC36e

in Section 4 -e ptoved thai the existenAof the limit is, veserved

under the functional pexations of addition, multiplication,. and division

(under certain restrictions) ., in this section we prove that composition of

functions preserves- continuity, and hence the existence of the limit. IP we

compare the -statements in Theorem 3-6e and Exercises 3-6b, No. 5, We note'

that the, theorem includos the addifional hypOthdt4s that g is defined at a

g(a) V-. This distinfNie, shown,in Figures -3-6f and: 3-6g.

94



Exercises 3-6b, No.

Figure TC3-6R



We.obSerVe that, in either e function fg is continuous at

x = a under, the*hypothes that lim-g(x Y = b and f is continuous at
x-a

k = b' It is immateri-all-wbetherg is defin at x,=, a if defined,

what its valu'e is x .'a In other words,' may delete the additional
.

hypothesis of Theorem 3-6e: ( g. is defined at . a, and g(a) = b ). without

diSturbing tie continuity of -fg

The'e'theorems this section.provide mea-ns of-establishing continuity of
. ,

..

unctions -conetructed-by-retionsa-operations and -oomOsItion Yreuently:; --it_ _-,.
A

. ra.
-..

Is possible, and more convenient, to establishcontinu-fty by astabliAing--

differentiability,

t present, we 1 prope ies'of a function,

Solutions Exercise

, Prove that
Teal number.

.

g x

lim g
xau
continpusffiat

-g

is continuous at x a , where a s any

continuous at a , for every reainumber sinte.

.for. every real a). Thus, f(x) F g(x) g(x)

every real a by 'Theorem 3 -OV.

Prove Theer"eh limit theorems 'as in the proof of

Theorem 3-6a.

. The -6b, If the funtioris f are continuous at

x =, then so is the function h defined by h(x) = f(x) g(x) .

That\is, the product of two functions continuous at x . a As'aisci

continuous Ehere-

lint h(x) e him [f(x)g(x)
x-a'

h

f(x)][lim g(x
x-a

] [4(4) )

Definition of lq

Theorem 3-4(d

Definition of continuity

Definition h(x) .

Hence, h is continuous at. x a , by the definition of continuity.



Pro Ve Tileorem

g

the .functions

then the ,func_

continuous- ,at'

t and g are continuous at xh,-s

ion h defined for g(x)' 0 41y

a in oth__ words, the

quot eht of Danctions is continuous it no' division'b4.

. -71

= h

L _
Hence by Definitionion 3=5, h is- continuous at -a.

Corollary 1 to Theorem

Definition 3=5

Prove Theorems 3 -6b and 3-6c directly f tion

Theorem 3-6b,. The pirOof is the same as that of Theorem 3-10 with

.and .M replaced by f(0 and .g(a) respectively, and kr; the last

ep

respectively.

g(x) any

Theorem 3-6c.- The T

3-4e with L and

in the last' step,,

respectively. . See

g(a) -replaced by h(x) 'and h(a)

roof is the same as than of Corollary 1 to Theorem

M replsced'by '-f(a) and g(a)' respectiVely; an

and g replaced by h(x) and h(a) ,

Exercises 3-4 No. h.)

A 4. (a) If thefunction f is continuous at x a and the function g

not continuous at' x = a , show that f g is nErt 'continuous at

x = a ,

Suppose the function f g were continuous at x = a) Sloce f

continuous at x-= so is tf. (Theorem 3- 6b) -." Hence,

gY t (70 is continuous at x - hy-Theoyem%3-6a. 91.4t

g) (,-f) g so- g- is continuous at x ; a ..lontradiction,

-4e

e

1 0



, Can be continuous at 4- a it er f nor g is
Continuous at x Illustrate your snsger, by g ng' an example.

The=given conditions o, not determine wheth g continuous

( in ,general, it would not be continuous) . If f x:,ftttgn x

and
.

x n x then f -1- g 0 is continuous at a.

Number 5- `j.s another example.

Repeat 'the .above 'Using. (5 f -1- g .1

L' - !,-

we firPt n iae.r, the continuity of f 4 g a -, given that
.

ii-

continuous at: a and g is not continuous at
. -..r

Part 1. Consider the 3-cede, T (a ) / 0 ". Suppose s Continuous
f ,

then -the function- , defined f&-- fk x is con-

sous at

tinuous at a

Theorem 3-6c) . But

0*49 ra d fct ion .

f
SO is con-

Part 0 . The given conditions do n(g/determine whether

f g is, continuous at a For example, if f x x and

g the g, X is not continuous at Q
. x

the other bence, if

continuous at 0).

arc' g z x - then
. X,

Next, we consider the continuity of f g at a , given that

neither' f noe .g- ls continuous at a' The given conditions do

not idetermin'e wheth f 'is continuous at e . Tor example,

x / 0

g

k > I

1

then fg:x1 is continuous at 0.

ne where the ft fiction'

f is everywhere continuous.
a.

The 1'11116-Liens

Lx] V is continuous.

Example 3-713



and

are continuous for all non-

contin u there, (The ovem

-To:verify the continuity

Pr,

x-0

A- LI

x .t1tamp1.ct

Lu T
0

) uu, 11,,,vcm

IL K 10
J,1



co) From the result of (b) deduce that

m
f(x)

h.4)

State which limit theorems you are uaing.

Since r(x) iS a pOlynomiaA

to Thecrenk 3Ld thot

' lim p( F) p (o)

s' (d) Use Theolam ) ui
a is any del in

Sinee f(.)
1.11,01.111 0 1

of L..L

X

A ,iunte that cf.

for ail x .E

(h) f(x) -

1 ,)Ific. 1 1

Anuuas



$

A (r) f(x) 'tan

run,: t. for x

i.

$'

1

3 sinX

co S x

x + 1

b,t, OA) -

Tht,li,
$,,"$1

A

P
no discon -uitLos - 3 sin-x 0 for

all x)

nu dibC.01$ 1_1114.1 t, 1 usr., /

111

. +1,

1.L +0 ctOI
we t-thve



A 6. Prove that i lirn f(x) and lim g(x) = M , then

IFIRTT(g(X))2 - ET-7472
xa 4

By the covs ary to The01, -

tor a > 0 . Since llm r(A) nLLI "m 6", iLI by Thcoimb
A

3-4d and 3-4C, 60 dO

Ay ,

,))

2
fdrovIda 1.. 11 U

R.R

01,08..9

I

IL , OEL..1 !

A A
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shall not use tam

In Section TC3 e couscdered the tu,n e Q o 61 v en by

sin 1- /
x

x

Ns

in

and noted two it is impo ible
the origin. Nov we show 1.0 no t di 1-tuk .f,tia.1,te a

1:For -

Fo J.x

Frvm tn16 wt o Ill ,e,.

integer

approaches zero 'Therefo, 4)11 f 1'4 "Lit di en L, ablc at x

since lim r(x)
x-0

1. h1.100.151t a d

an Interval.
-16

Let

the run, _ Is



-. ..,
t g be defined by

g(x) .'sin 1 , x 0

The range of

7

1116 the i [_1,1)

h be df.i.A.Ld

The rut th 1..

On which cJI

increesirtg7

valuee if
de

Ce t



-F

A fProve : x x
n .

is,inc_

positive 1-pals, naturAl number

Note. Tbe 'eriterion n rational stated in the text

Nonetheless, after the proof Tory a natural. numhel n

for n rational and positiv

prove f increasing,{ us

induction to prove the asserti,_

is

01

Hence

Value Thtu Cd

ova k,

q 1e naturs,

i

iS 414 `Ii - y llx c. t e 40, 2, Number

L1uuc fur th,

and, continuous, Ze,

see, therefore, Lhdt. h 1 01 the

Of ,Iontinuonb.

NO.4), consequently u. 1 u

for y > U is mollULonLL cold i

of 014 Consequently, Oh .t,/,e,,

rt.

C

q
e and

i,1 ,.nt

Vx 1. to ,u i-cTeasinA

-L , in thc range Of h and we

Iv, 1..is. tVuu t1. composition

0

.1,11101is (see of

P/q y-;

wi 1, i s the domain



ove'that 1/ak is oontin---

po'iitikre cOntinuous and inc2re
15' t

follows fr6m the soiu_

we now prove, tliat curitp6t-=itiol) ward .

is porarinuous and increas,iw; wt nd.,

compositicin of "confiunol: nut, tt,1

gf of increating functio

4,
a e: b 1(1

1,14c

X

m at

1,5

,

111,1iL,



z
Show that the range 611/4 f Is an ifiterval. Shot., that the domain-lbf,-,--:-

the inverse of f : x is an interval-

I

11

c4ince it is assumed that f is continuous, it follows by the

Intermediate Value Theorem that its ralve is an interv-al. Since f

is continuous so is the of the inverse

an intrv144.

Aleume that the u1,1ti Lan i eAtip4o,-ku thq close'd

u_nd uhow that t IvrIt 9=4 SIM JA114-- x whereinterval
It

-

number?

Sinet

It
1- 1ThTJ

such t huL

h, 1 ,

A

11ie ti

Vs

6

1..i7lyrbeM10 -4-1 one such
A 0,0

;

P; J all

vulue,_, or I
,

'(,)S

h Crot

I .1-u 'me

IS1=1,1t.

-, 1(.1 k ) 0 . Thus y

I

t
,' 1. t_ ,

;;± t i, 1 o. '(-u mUSt

In Wtiil II

,,,i1,1,,,,rove I A

( El ) r.

1u (; .i.

I .4

, I have ximem?

value



The e of i..:-- clu.z.iii i titecv w 1 ki ; I

ha S a M ELX i ral al an l a -r-n 1 nip m i.,--- ci of tL 1 nte 1.,,, a : :::.

LO. Show the quart i x
x, Z ,and k , .-1

. 1tolerance of =
2

T

.

Let 4 '
x 4 x - 10

he It A late Valu
that - o .

-2 at io

160 eaui,
containing t& =1

4



jI
12. (a) Show that the equation COS

2
x

_ A
X , where x <

mt one positive root

Let f(x) = cos2x .- /FT .
I ly ,,,,iLilik4,,,,, [ 0lit Lery al

*
1

For the endpoints, I'M 1 .1,i fC1-) < 0 . Hence, by
t-)

the Intermediate Val.", ',h...,',..., LI.-,e 1., vaiue u 0 < u < ,

such that r(u)

6.0 -

(b) ,Find the maximum 441,-1 -

the closed interval

II fuli,21,1.. J,

/Ix' on

It

ients

, ..1 the.



For lx1 = k >. have I a I I'le
a

V- n
n

/

assumes opposite signs ;p follows by the Interne late Value Theorem

that p has a zero in 1r,K) .

For x = I K , then, p

Alternatively:

p(a -t lb L) .

where u and v are real

theorem), If

p(a IL.)

all complex rust. wr

Consequently,

least urge real one.

10 m tout, 1.1,:11

L.)

14. Prove that tb
an odd posltiv, intebel. hl

From Numbet- 1) Wt ht

sequently, any iOut w

odd, it f

The FOJOI kaE,

Crlsia14,,

Then 1 i u

t.

t I .wl am

.L.

tlr 1"

1.-5 at



3-7
-ft

Case 3. b z 9 . Then, 0 < Ibl H , whence,

_ 0
0 < 1 4 1 < 1411

n
But, since n odd, lad

Sketch the euvves x' .and

the same set of ta.e.es.

,C1 blu , lenc.cul$Ur

Lnen

'iL L lia3 wi
r

I t

UM.

1,.
-- I .P0'((he 1.,,,ouf

...
I j

I Ld fornereasing'o0

v LtyAL. part



of the .agent in Theorem ,in whit established that

exist two pointa d c in [a,b uch that f(c1 = f
-,

t 2 -

= :f we see at Once that the functicin cannot be one-to-one.

We conclude that f' must bestrongly monotone on every subinterval.

follows that f mustbc-increasing everywhere,for if 4i.c.p then

strongly monotone on- th6 interval .[AiB] where' A = min(a,d)

= max(b,p) Since: yk,B]. contains [61)]-- where e-f is increasing,.

it fOliems,that f is. increasing On (A,B1 . Since - [A,B1 contains

It

.[a,p] it follows f(&) < r(p)

f7. Thet.6-mperature at -point of a thin circular ring is a .continuous
function of the poi=nt's position . Show that there is a pair of -antipodes
(points at opposite ends ofa diameter) havirig the seine temperature,.

haVe T T(0) o

Ve0) T(e0 + a) for home oe)

Define K by
1

K.(0"4L, T(O + g) - T(6) , 0

We want to show. that K(e) = '0 for some

continuous.

,K(0 ) _ T(a) TOY

K(it) = T(2g ) - T(g)

. T(0) T(g)

-K(0

e to show

Since- T is continuous,', K is continuous, and by- the Intermediate Value

Theorem, _OA = 0 for some 80 (9(1 n

Sketch'the graphs and determine how many points of:discontinuity the
in the interval. [p, r] of the fol1014ing functions:

: [sin x]

(b f : [2 sin x]

[a sin x]

113



f x [2 sill x]

There 7 peints of discontinuity.

If a" is a positive integer, an increase of 1 in a increases the

. Since reflection of the graph innumber of discontinuities by

the x-axis does not change the number of discontinuities,' f ,a is

-an-integer f_. has 141 - 1 discontinuities in, the interval 19,24,__

If a is not an integer, the number of discontinuities s decreased

by 1 giving 41a1 - 2 discontinuities.
d

The-t140 ca es.. are combined to give the-follo ing

real number f has Llista - 1 discontinuities in [0,24



.AA19 If isperiddic with perleds 1 and (i.e., .f(x) s f(x and .
f(x) = f(x ig) for a1,1 x.) and is continuous at least at...-one point,
show that f mist be constant.

Since 1 and. IP' are periods and any sum or difference of periods is

also a period, it follows that every -number of the form

n

whew m `and, n are integers, is a period. Now let be the assumed

point of continuity of f . We show for any Positive that there

existaajeriod. p of the- fora (a) such7that p lies. within a :

5-neighborhood of Consequently,. by the defIltion of continuity,

given any positive we can guarantee.

1f(x) - f(a) l if(x #

for any x ,..which proven the constancy of x

First we shall show that there
1i. it

exist* d period e m. v such

0 < a < b.

e will then have

that

'7-Consequently, with p = Xo in ,(b), the argument will be complete.

Nbw we prove'. the result of (c). First we give a proof specifically appli-

cable to this probleM. Observe, since 0 < (1/ 7 1) < , that

0 <:()/ - 1)n <--1- . But we can write
2n -

where

number's
n

()/.1' f)n

are integers (in .fact, these are related to the natural
A

and q

n

'of Exercises A3-1, No. 18 -by !pn

1,
We chooste- '11 so large that -hence,:

2

The following argument is gen

n

1 (given any two incommensurable periods

a and p , we can find 0 < pa vp < e ), but it relies on A1-5. Let

115



be. he greaten bound of.the positiVe periods

0 then- T !is a period of the form (a) . `For-if :T were not such a.

period then the interval T,2
0

the form (a) and,

aperiodfp2_ of the form Thus 0 < pir'-

madt then be a-positive period of the form (a),

the definition of T as a lower hpund.

would have to eoni=ar170period--01

he interval (r, would have to contain

-If T. i 'a Period,

form IT where

T . But 0

but Xes_ than

then any otherlperiod.o

a is an integer. For if

_st have

is any period. we

Since p kT is a period of the form (a)`it cannot be positive

-4-_-could%not_be_a lower bound, ItfollowP that p - kT

From the last result- it follows that -1 = kit

are positive integers.

our knowledge that i is i

Consequently,

ional.

d

ki

k
-
-2

for then .

t

where

ntradicting

We could conclude that the hypothesis T 7 0 is not valid; veci ,only

have t 0 . But .0 is not'a positive period *of the form (a). ;Since

0 is the greatest lower bound of such periods, we conclude that there

exist, at:least one such period. in the interval (0,6)

The,greatest lower bound, of the positive periods of a function is called?

the fundamental period. In the manner used to prove the result abOve,

we can establish:.

. If the fundamental peried is positive, then all-periods

multiples of the fundamental period.

If the function has two inomfnensurable periods, then the fundaL

mental period..is..iero

If-the-fund -ental_period_is zero _and__the functionisContinuous

at any point, then the function is constant.



= 1 and, in the inter

[0,1]

'AlZhbUgh identified with /11,. this problem is- well within the reach

tudents who have' ." "survived "" Chapter 3.

For x7.< 1 , x approximates 0 within any given tolerance for n

sufficiently 1
_n

g(x ) g(x )2 approximates cg(0) , similarly. However, 2

,n

then. .g(x) will be larger than any given

2n
and. if g(x) < 1 then g(x) will be within any given tolerance, of 0

for -large enough;either condition contradicts the condition that

is continuous at 0 and g(0) = 1.

the'dontinuity of g at 0, follows that

v-
number for arge enough,

21. The real r of the equation= x. + ax + b 0 (n a positive integer;

can be "determined" by finding the intersections of the curves -

y x and. y = -ex b

8

Verify the following table for the number of real root; of x + _+ b= 0..

b > ©, ere .two or none,

If n is. even,

(b)" If n is odd, and.

Give nume --_l examples to illUstrate each of the four cases,

b < 0:, there are two

> 0 there is one,

< 0 , there are three or one.

Take f x xn +. b . First determine the parts of- -domain in

which' f is .monotone. Suppose x < y

Thus

f(y) - f(x) = yn x4

1 n-2
y.

= (y x)[0(x,Y ) + a] .

sgn[f(y) f(x)] = sgn[0(x,y) + al .

117

n-1
+' x



Case.l. n odd...

:For n odd, the grapll y = f( x) -has a center'-of

i. d., the tunetion x=tw f(x) b 7 xn ax is odd The proper tie

f everywhere are then determined by the properties for x'). 0'. Dfow, if
a->-(;) condition (b) &Ways holds since .n - 1 is alka: .anus, is

increasing for x'> 0 , and by symmetry,-also for x < 0 . Since- f

-on=negative anci'positive,valnes.(for large negative and positive'-,x

`follows that f has a root (Intermediate-,Value Theorem) and sines f is

increasing, therefore one4to-one, the root is nnique'. If si,y<0

condition-(b) holds for x > - . Furthermore,n

then

a) it follows that .f decreasing on 0

gain by symmetry, f is increasing for 'x < -a

ing-for -a G x C a , Since the slope of t

is the same'for a given a , we can analyte the si nation.by referring t6
n

the;g0ph'ef g : x. x + ax anennnt.the roots by.considgying

intersections with horizontal lines. Thus there are thtee roots or o_

depending on_whether a horizontal line crcisses the decreasing segment of

the, graph or net.. (The special ease of two roots decnrs at the'endpoin

of the segment.)

y

x > a and decreas-

for every value of

n odd, a 0 ,

118

n odd,



Case 2

For-ri even, n .- 1- odd, conditions , b Fuld ( , hold as before. Witho4-

_YmMetrY-ItienetessaTT-to-eon der ''_fi,on = the--negative-part-of its

domain as .11.,- For x < set u -x ,iv = -y'. 'Then

10(u) = -0(u,v) r

follows that nv-+ < 0(u,v).< nun-1

1:< 06c/Y) < nY4-I

and dOnditions hold for. the entite domain of,

decreases for 3(<:al and increases for x.> a The situation

deplcted.belowe

two roots

b <

no roots'
-g(a)

n even

12



Teacher's C0_ en

Chapter 4

DIFFERENTIATION_

..-TIM'pr00fs-0 theorems for the Derivatives of algebra

ularfunctiona are given in this chapter. several man

have been included in order to establish a need for more .e

To accomplish this end, care should be taken to avoid prema

theorems.

TC4-1. Introduction.

In this

no and

ulati e exercises

icient ethods,

ure ation of

ection we aRsert the equality of the numbers

- f(x)
and lim

f x

h -0

where z 7 *x h This equality can be established inalytica y by,applica- -

Lion of Theorem 3-6e, Let

x h ; then

If both r and g a

lim rg(h) = f' (x)

11-.0

rg : h fg(h) -. f(x)

F(177,77i--

ft (x)

continuous then rg is continuous and

',Solutions Exercises 4-1.

a:---Ualng-the-definition of the.derivativei find f whe

(a) _f(x) 2x2 x-+ 4_

ft(x) lim 2x2 x n 4

h-O'

2
4xh -I- 2h.. h

- lim h
lim 4x 2h - 1

h-0 h-O
121



-h=-1im _

11;;(1 hi 7 +1 h-0 xix h + + 11)-

-1'

-1 71

2xlc

-2xhlim lim 2
h.-40 h(x,+.

2
11) x1170 h(x + h)2x2

-2

3 3x. +, 4..

lim (x + -11)3 3(_x + h)
~ =3 -+ 4)

-.1
11-0

3x2_h

-_._3x2

122



+ bx + c constants

lim x + h + b 3(7'cwc° bx
h

+ ah- + big
h

6 7= ( +. ab b) ax' b
hp-,0

If 1 - 1
and f' (x ) = 1

If, x 1, f(x) = 1 - x

Thus

and

Derivative does not exist at x = 1 )

f(x) b
x

(x) + h) +
x h

123

lim ra

hO

a



2) = 3

I f(x) .7 1 .1- 2x - find the
corresponding to

R (a)
1 2x

lim
xa

e2

If x

(b) x
1

x&1

=l.
0

(d) x =3.o)

If 2X 4- 1 , find all- x such that

f = 3X
2_4-

2 ± n iwhence _

Thus, n

(a) ,

x

be > 2

b) there 8.1.e no values:

-16

.3.

(c) f'
(d)

124
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----Irreervt-Lon-3-4-( orollary-to-Theorems--3- a-and-b) onsidered_the

class of linear combinations: here we prove the lineari4 Of differentiation.

:Thereafter, the theorem on differentiation of products is extended to include

infegral powers of dif-Arentiable functions. This sequence has the advantage

'Of-prOviding theorems on differentiating polynomial and rational functions

(of-any functiOl'ia wh© 49Fivatives we know) before the chain rule is °

tablished. The theorems of Section 4-2 enable us to differentiate a large

acs of functions. Derivatives of fractional powers and composite functions

general) are considered in later sections. .

Exercises have been freely interspersed throughout this section. These

exer ices have been designedPto give the student immediate application'of

theo-ems as they are developed and', successively, to establish the need'for

the d velopment of more expedient Methods of differentiation. It should.be

note hat the-placem _ -of_sets of_exerciSea,;,in no way 1s intended to in

dicate a time block of work; nor does the arrangement within-a set indicate

the-difficulty ofndividual items. A sufficient number and variety have been
0

included-to provide for the needs each.student.

Solutions to exercises are not spelled out in detail .except when an

exerciseAlas been-designedto develop a'Particular,,skill; in such cases,

solution's may be given in detail., (fuite often a considicable amount of

tNalgebraicmaniptilation maybe. required td arrive at a simplified answer. A

studentlsalgebraic dexterity'should'improve es ,he attempts to submit answers

in a form you consider suitable.

Solutions Exercises 4-aa

(a ), D 41x1 +F = 4+ --
,r)z

( b

X

ff

E



sp x

+ b) x

Define g exi)_tdiV.y in terra o linear functions for all real

If x < -2 , then x , + < © and 3 - x > 0 0 ,

If -2'< x < 3 , then x 2 0 and -Ax'' > 0

If x_ ? .3 , then x 2 7 0 and 3 4:#
g(x) = (x + 2) _ . -5 x 721

g(x) (x 2) - = 2x 1 if 72 <^,x

.g(x ) = 2) - = 5 if x > 3

For what valls of

fl(x) is not def

io the deriyhtive,nn

i26

3,

and at

.=



POnaider.

Fi- if e

x 2

ft ftS0.8

defined

nteger pert of x defined in A2)

at `each of :the- values x.- C.

Find the &main of the derivative'

K domain,nThe' o oi -1e is t1 et :of. 1.noh-integral leaf, uOere.integral.
-

_.,4 N _ !

since f -..is '.-n e x an'-dategpfm

.

Consider

haw the graph cif f

mummmuniumammetinmamitimumniniummmili

11111011111111111111tIMERINIEnmiraroun
'Find C -1.5 a , (2.3) and describe the _ of

derivative,

The domain o 1 ie the' all non n_ gi:al real- numbers.

f -1.51 a f 1 ,



Extend Theorem 4-2a to a general linear combinat _

X

of f4t104t1ono

-C f (x) c2f2(x) C X) -

1-1 n n

The proof of the extension of Theorem q-da by mathematical Induction

is given. Theorem 4-2a serves as verification that the theorem holds

for n =2

Assume that the theorem is L fut ,

Then

D[cifi(x) +

ci_i

If the ttAeure4.. h -tub fur

theorem holds for ail n

1
A )

,

11 (A))-h,1 Is!A

14 1

11..1

. h thc

For ea,_:h of the 1u11 r1,.L 1 letter1he

the domairt of the derIvat

I

4

s

r,(A ) - 0 ,



f 4- max (x3 , I x I ) .

Tor x

tor x < 2 ,

f : x min

f x-

x) ,3x2

_ 4 gn x,

lx-,3 eA e ,ma.x

x nOt an integcl

11(x)0 x 1

Right-hand and lerL
and let-hand Exereite.. le) as

n(x I , 7))

Eight.-pand derivw.
h-0

teethand LkY.) AAm
II 0

In partiQ,Jar I: .1 I I

D'Ixl

J`I®I

L
i

hat.

X .

tor

b JA

,1

)2



Show that fun Lion is differentiable at a point if and only if it

has equal right=lland and left-hand derivatives at the point.

AA function is differentiable at a point if and only if the limit of

the difference quotient exists at that point. Therefore

lip f(x h) - f(x)

1111-0

f(x h f(x)
lim - 1h

h-O

h
mu.k. c.10L,

Solution. Exe 0_ses

Find the derivatives of the follQw11,6

d)

(0 I-1(3x

/.;.T

It



2. elu

x2

D I 1 x2 - 36 -

D1x4 5x2

e

D( 3x2

D( 3- -

D(

d ) X( /X

D(

I

4

-26x) sgn( x4

10x) . Bign( xi' 4

e (

I I 2 ,

A I



Prove the corollary to Theorem 4-2b

,2
If ft exist , then

Fl(x) = 2[f(x)] (x)

2(x) f'(x)

Proof.
-))

r(x)

2f(x) 1i

_r(x)

Find the listed derive mcit,

differentiate; second, use the prudw=t CU,,

) p(x2 1)'

(b)

-Find Lhe
you can and deb,
derlvatlya.)

I 1, p

(b)

(c)

) LI,d[x]

Dixl[x] = xExi-
Ix(

fl 1)

expand and them

ion of tLe



7(g) Dx[14 -.x2]

(h) Dx max(x , 2

*V-7:7T n an intager.

(i) p(x[X]lx1 ) = 21X1[x] A not oh

(J) [x11 '- 0 ,
t

Solution

(a) Prove Theorem

(

54erCic,

If f) exiSts 6u4

ryi any poV41.1,-.

11'

3Uppc

u(A)

u'(x) t(x)ti

By "Illc,,em

k

l'($,) 41,



4-2

Prove Corollaries 2 and Theorem 4--2tS.

Corollary 2. A polynomial function P , where p(x m a_ _

-0 aix

2
x+ a

2
x + + a

n-

n
has a deriyative each real x given by

2a_x +

Proof. pqx) - 0 +

a

Corollar7 2. Tf p

p ) pt( (x

Proof. p

+ ha 21-1
n.

1
x +

Ls

4-2a)

(Theo mm 4-2c),

is a polynopa 1 ahc if ft exists then

D

p

2. Evaluate.

= A )

ei

11

and

wheru y a & BO



(g)

(h) D( 3u/2 13/2)6

(1) D(1 Jv

(i) D 5x + x2)3(1 +

. (1 + x2)9(3

2

6(3x1

f
22 + oo, 2hx3 )

4-2

3. Consider the curves y = + t arm y -

(a) Find two numbers a ai L at that 1,11c i 4.VU Lha paul

slope at x . 1 and teetha LIa um 4 tia Ipaa d4 A 2 16 30

2
for y bx

3e 2b and

AUS, a . 2 b =

(b) tolio

slop, at

At

For .1) a

, t

(;)

,



Sketch the _ es in part (b) for some allowable values of

a and b

4

Sketch the morn A
x

2



Find the die6)tinulties of g and

g is discontinuous at x = 0

gt is discontinuous at x 0 .

Using the results of
-2 Lx <2 .

Let u k(A)

'(a) P1-0%,e that 1

X , then
D(n,w

)

IC

0



(b) Can you suggest a way to generalize your result to obtain
formula for the derivative .p ,a productof, n functions?
your conjecture with theVW:p = 4 .

Let F

let z - k(A)

D k(x) z

Ex X.(x) # (uvA )D
x
h

Ithen

ThCli

Teat

Use the above result to evalt,t;

D[(5x - 2)(3_ 2x)(A -1),)

2X(5x - 2)(3 - dx)

x

(a)

(iii) 14( 5

f 1)(-1/7X,

x

,

' -,k4

314 A

) 4 A

x2 +1)

*fix # -;



(e) a=1x 1 - X
- 1

2x--(1 x)-

2

x 2i1
2x(1, x ) 2

(
2 \-1

- (h) D x2 -- --

-PrOve G,,L-11ftly

It A E

CIUU L. 1 t L

RrOor.A

U &t,

I t

-4,t(

4- 1

(X)



4.2

Evaluate:

x '' x

1 + x +

Hi I 11 F t

nx t.)
S i nt:

rtx +



4 -2

in the derivatiye ofeeach of the foll- _ functions in as many.ways

eB you can and describe its dorinin not mcerlook definitioh of

4eTivative.) e.

[x

x rx fi
J5c1

6. Prove Coralary 2 to Theol.,:,

[x]
- -7- x not Eu m c eA

is a re nJat.tic,,

theu

Let vitiere

kilAs
4Mx)1

w.

' It

=,(v(,.)

U:L LI

,



1.

Ccinsider the qUotient 0(x) a where, f and g have. deriVativ
g x

at x and wherg g(x) / 0 . Obtain the formula for the derivative

a quotient by applying the product' rule (Theorem'4-2b) to the e:Zpres_

0(5)13(X) f(x)

0(x)8!,(X) g(x)0 x)

0I(X) f' -(x) WILLI
g k)

A( )ft

['g(x)
)2

by Theorem 4-211

sowing for 01(x)

does this not eon
to Theorem 4-2d)?

bygiven condition.

e proof,-- the quotient rule (COrollarY

This is not a proof because i es the exidtenc of



a
Inverse;Fnnotlons) FrjactiiinalzPowera..;

'Section A2-3 includea derinitio6 and bni discussion of inverse fume-
,.

re serioner conaidera in of they idea is given in -pection TG A2-3.

g-

,g is the-inverse ot ahe. defini,tfon A2 3b) requires that the

omain.-of the inverse, of a action f ,
6
'be the ran f for example,

while (1/7) 4.x for all -Z. in the domain of f g. , the faction
2 ;'

g.: x is not tha: Inver e of (=in A the omain of .g iffnot the
4

For a discus !?ion o ra °nal were see Sections TC Airl ample A2-lb
',.4- .;.'

And te:AT-lit -. av
.f.' A.

a

;0
.Solutions Exercises 6

hov. where ha inversie. ,714,1d an.

4-,
nat, On that efines the inverse g ,and' find thq derilbtive of g-

.

A

!t

The inverse

Then

D g
x.

1 - x
1 + x

ion

A 1 v
arid X > , then xiv`i.

isdefined byv y = gt'xl x x
/ 1 +

X , X -

2. VerVli. that the inverse of f : x I xl exists and then find the 4,

de'rivative o the inverse.

x <0

oiaotone; hence it has an inverse



Hen ei ,1.13 the inverse of

D g _

7"999.X1

Sketch the graph of-
3 and tell'aa

inverse. Indicate how you.dan divide the domain
and define three new functions each of which agree
domain' and has an inverse. Justify your results,

6)

1111111111111111

11111111
nallINEMIN
111110111111
41111=1111111.1

LW

111111=111

Consider the func on defindd by

, for x > 0 and. irrational,

x. + 1 ,'for x 0 and rational. a*
f(x)

f does mot have a
into three p

with f- on its
ea Exerdises

If. f -has an inverse,, no line :parallel

to the x-axis may meet the graph of

f- in more than one point.

f : x rx - 3x

2
x ---w3x 3

-Each of the followinigunctions has an

inverse.

f

f :

x -7-4wx 3x , x < -1

_3
x ----s-x , -1 x < 1-

Show that f hash derive.
one-to-one; i.e., that f

is not differentiable at
domain.

(Note: The statement

i ) Show that as

-Hence, for.all

e > 0 , if
f'(1) = 2 .

0 < ..1 x

lye at x = 1 . Prove that the mapping f is

has an inverse. Prove that the inverse of
iy point other than the point .y = 2 of tb,

. 'problem din the text is incomplete.)

a derivative at

1 , for

f(x) - 2
x 1=

- 11 < E , then

x > 0 and irrational,

© and rational .

< lx - 11 and therefore,

f(x - 2
x --1

. Hence

a

given



Since = x .,x1 irrational, x2, ra ional, is imposs

because the left-hand-aide is irrational while the right-hapd

rational, it follows that f(x1) f(x2) implies that x, and .x2.
*

are both rational or both irrational. Hence, either' 2x1 = 2x2

2-
which implies xi = x2 , or xi 4- 1 =

2
* 1 which, for x .0

implies. xi'= X2 Hence, = f(x2 ) implies x f

is one-toone:

Prove t the inverse of
y ='2 of domain.

The inverse of f
.

1

Yg-: y.

Then

is differentiable only at the point

',for y 0 and irrational,

, for y 'A= y >1 and y 1 is the

square of a rational number)

o , for y ire

- y_
g(y) - 1 1

(,137=1 4-'1)2

,Hence, for all

-1

y A / 2

y in the domain of g other than 2
g(y) 1

y --2

therefore, given > 0 if 0 < ly - 2] < e then21 and

2 2

g(y)
-

- 1
< e . Thus,, g'(2) =

2

2 I
y x- +1/

rr

1

. a

Tonal, i al) el, 4 irrational)



1
ow let h y ---r----- y - 17771 f6r all y

--
1 . Since h(y) is

;2 .

,
.

increasing for y > 2 and decreasing for 1 < y < 2 see graph),,,..

t f011OWs that.if-lyi.-, 21. >6 -and 1y2 --21 > 4 then

:2 Y
n h 2 - h 2 + 6

any y1 irrational (ar y £ A and Jr / 2) ,

A (or "y2 irrational) as cloy as we wish to

15'.1 2I

1Y1 Y1 72 113(3r) g(y2)1 > k

continuous at y'i and therefore not differentiable at

thermore-
. -

oan find y2,pi

Hut.so long.

Hence g is not

Jr

Solutions Exercised 4b

Evaluate the allowing an4.skpress your answers using p sitive e ents

-onay.

5
-/
2

5x

2. Find f 2) if:

ft(2

2) -
5

5
rg

146
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Let f(x) = xn for an integer. For what points a in the domain
do the hypotheses. of,.Theorem 4-3 hold?

4
Ifn.0,f = 1

If 0 f(x) x an = l . Theoreiliolds'ifor all a,.

A
If -n > 0 and even, f is increasing for *X,-5.10-:-

and f,(P)-= 0 If n 0 and odd, f is-Intrgasihg for

'Co) 0 . Fqr ri< 0 , x = 0 is not in theldemain cif-
.

,= , . Theorem dogs not apply.

greagin

'decreasing for x > 0 and either increasing or decree

The Theorem holds for all a except zero.

---

Consider the functiOn f x . We have f(x)n

Theorem obtain
1_

04-t nxn
1

s this not a proof of the corollary to Theorem 4-3?

)

x

n-lf,
(x) Dx(x =

1
n-1

-

n-777:1n(x );

1 n
. =x
n

X

Thia does nOt constitute a procif of the ollary since it

that ft(x) exists in applying T -2c.

Applying



Let. E under: the, hypothesi of- the corollary to Theorem' d

q be'Odd. PrOvethe corollary for x < 0-, Wbyris,the _case

.incluAed7

Corollary: For every rational number

Let h(x) q Foy x < 0 x =
1/q

increasing, and,
go4,6

.rx

f(Y) ='111

1

Thus,-since h is he inverse of. , 117(x) -
1 x

Y q

by Theorem!4-3.

Npia Theorem 4-2c applies,

p(lvq) xl/9)p

- 1
p(x1./q

E
= Ex q q q = Ex

q
At x = 0 fi 0 = 0 so Theorem 4-3 does not apply, and,

Pig
lim does not exist

Under the conditions of the preceding exercise, show that'#'cr

g : x q , where p 7 q the d gl at,
gt(0) =0 .

z:

h

Since

g

q
1 ; go

:Thus, if 0 is given, let,

Then if 0 4't 'hi

E!_
q

h
e

1)-

0
lira 7 g' (,0)

h

148

,e3



In the discussion of circular functions,. a studentmay wonde- why we
sin h

appeal to a geometric discussion to evaluate lim . In tls study of

trigonometry-he employdd a diagram to define circular functions and to obtain

the basic relationships of-Section A2-5. He might expect that we'are now-in

8..position to evaluate this limit by formAl computation from the relationships

of Section A2-5:with no further appeal to intuitive geometric discussion.

reason this cannot be dine is that the trigonometric identities of Section,

have the same form, no matter what unit is used for angle measure= The

crucial inequality
sin x

X
cos x <

the first place where angle measure appears both as an argument of a

trigonometric function and independently. Thus the inequality depends On

the unit of measura;_it holds specifically for radian measure and:does

not hold for any other measure such as degree measi-We.,

You may-wishto refer to Section A2-5and/Or 6ec TC_A2-5.

Solutions EXdrci e 4-4

1. Show that D cos x = -sin x

D cos x lim
h-O

- COS X

co cosh
h-0

- sin x . (See text for proof of 1

h -0

cos h -
-'0 )

h

tan h_

Evaluate (Hint: Express tan h in t_rms of s n.h and

h-O

tap h 1
11M lim 1 .

11-401 . h hm0. .

cos h

1149



the'defini ion of the derivative as limit and the result of

lit' tail x

5- tan x tan ..x tan h
2.

ri tan x = lim ta (x tan
h

lim
- tan . x tan 1-1

n h 1 + tan2
im h lip

br.0

2
e --x

tan tan

e this, reault. with the result obtained by using the method -of.

sin x
differentiating the quo.Xient

cos x
.4a%

X coD tan x cos X

2'
COS X

In the simplest way you can, evaluate the folloa.ng and express your
answers in several different equivalent forms.

D cot x
,D tan x sect x -1

s
tang x

2 2
k tan x sin x

= - ese x = -1 - cots x

D 'sec x - il.., 1 -D cos x sin x tan x

COS x 2 2 cos x
`.cos x COS X

D es
in x

-cos x -Cat x
2 sinx

s in x

2
= COO X CSC

D X--L- 2- nin D- sin x 2 sin x sin 2x

150



D coi x 2-cos x ( -sin x) = -2 si:x cos x = R sin2x

2or cos x = Dl sin x) = - sin 2x '

f) D co S X = =3-- cos x Sin-.x sin x

3 sin x(1.. 4 cos2. x

3 sin-.x( 4 sink

Cheek: D(cos = sl,n 3x

(g) D(3 Bin x-- 4

(sn3.

n3 x) = 3 cos x - 12 sine x co

2'
3.cos x(4 cos x 3)

= 3 cos 3x

Evaluate the 411lowing limit

sin h, 2_ sin h cos h
(a) lim

11-p h

= lim 411111 2 cos h)

h- -a '" h

2 ,coo h r cos

h- C h (1 cos h)

sin: h 1

1 cos h

6. lim sin x ',lin 0 = 0
- x-0

sin xProve that Um' = 0 . (Hint: how that
. -0 cos x ÷ -1

continuous at x ---= o).

4

Since cos x = _ 2 x2 sin

lim cos x = lim 1 - 2 sir

x-0 x-0

1 2 lira sin2 1°
xf.0 x

1

151



474

T s x -is 'continuous at. x = 0

lim sin x
sin x x =t

1 -+ cos x lim 1+ cos x
xr.60

From -the ,preceding :result trove that sin

continuous for all values of. x
'Make explicit just what is being asst

To prove

nos x...---are

red in the prOofs,of (a) b)..

t sin x and soh x are continuous for aIL:reai

values of x , we use the formula,

sin(x +

ThuS, lim Sin x
h-O

This proves

sin x cos h cos x sin h

lim(sin x cos h) + lim(ca
.h-0

sin cos x 0

= sin x.

x sin h

sin x -is continuous for all real x .

Since : =a x sin(x x is Alpo continuous .for all

Observe that additiOn to lim sin x = 0 wi'needed'nO.Statement.c.:

-!involving limits other than limit theore-Ma,

only this limit and conventional identities for circular functions..-

Thus we =have assumed.-

Giyen that x) = G(x) , shoW t
f is diffe iable at +b .

Comment: At first glance this problem may appear to beta simple

applicatiMnf.the chain rule but at this%oint the chin rule

has not been established And the proof pf the problem- ill'

require the definition of the-derivative.

)Litii)

h
1

Gv))(1) = lim
haQ

b) -fEtx+k`2)
k

k-O

where-

ax +-h +
lim
2-0

= ak and ajG.

By 1), the limit in (2) is aG(ax + b)

l 2
1



Ela lua e: Stu ng.

_ia 2x-= 2 D'cOs3vX flip .x .

. p. 2
cos x(4-cos x

using Thimber 7,,

bin- ,:cop 2 co 2 sin 2x(2 cos. X sin x

b = 2 sin-. (ax-k b) ax:4- b)

! -
r 7, if -D-ain.x'-cos x &then D'sin b

, .

b =-2a si cos + b)'.

.,D(sirf 7 0 2x) = sin 7x Dicos 2x cos 2x P sin 7x .

Numb) r 7, p cos 2x = - 2 sin 2x

and, P sin 7x = 7-cos 7x

13(13-in 7x)-(cos 2x) =.- 2 sin 2x sin- 7x _=*- cos
s ' ,---

Let g(x) 'cos xl

the interval 0 < x

131C is not de

g

7x .

Discuss the domain of hederivative for x

,

COS X , 0 < ;

-cos X' x

x -sin :

d at x.=

cos` x

cos x

10. Find a point 5t the graph' of y sin'X at which the slope of the curCve

equal to the slope of the line x + 2y -- 2 = 0 . Is there only one

uch point? .Justify your answer.

The slope of the graph of f --' any point

The line x 2 = 0 has slope 77

=1 ,
n an integer, then cos x Aldo, by ieri_odicity; -°if there is

one such point.there are an infinite number of such points.

2
x 2ng ,

3

153



4 sidX ma x sinx.r2 os:x sin a:

COS1X

-- 2 yos .x m ).6 4111 x

COS
2
X 1COS- COS XI

TD(x tan k

sin x - dos x
sin x + cos x

n x cos x

12. Show _ t there ar no -point the graph of ..5P,-4 sec'
which the slope of the curve is zero.

sin x if and only if cos x 0 , hence fqx

154

has no zeros.



he; the slope: of ha graph ,of

=2 sin_ x,-
cs' x

ksi -lc an. integer.,Thus,. :x

COS ' X

(b) Examine x) and shciw that t to is no value ,of x in the

'2interval 0 < xt< for which f t(x)

sin4 2 x cos fx
sin-` 2

X

f (x) e_ sin x x cos x

But for all x x < g

all x in the intenval



lain how your results support, the fact tint r

on the given interval.

At this time a gebmqtrie argument 6noul4 tzi

r
c

1._&_1. irl,

.--;

-Ac proof i given Theoem -4a. Ste flr ic .oiti,/ at

every point on the intervaly'it would .6.e. pIaintba_ in,t the grayp

of th function moot slope Ill a ',Jolt: ..:= Ilic. tA,,,, } m ,cteki to
o 1

the right.

Fi he maximum and mind---
f(x) - A f

ijse the identity

k sin (u

;

and set k sit,

f(A k -

rn k sin

Thus, the ma:,,Imu,

'Oh Ll...



1
. i

016. Consider f : x ---1R- in thdlidomain 0 < x

.

_ ___ 0
I a

Is It possible to define f at x. - 0 such theAt tfi. 11,41on lb

4 -41 A
continuous in [0,1] 7

4 .

No. Within any nedIghborhood r ut

between -1 and 1 . Thus, bin ii

41

17. Coasider

(a) Sketli the gra'Aph ,r f
'fts.

PP

A

A

0
ii L

alu valuto

r4

t_



7\3-8. I es the on

: x

have a derivative at x

Yea.

.40 IN h sin 171
h-O

Nolte that the

19. Given that
e9uatiOns)

dL)

nctinp

61n A
X .1

fro

t



TC4-5. Inverse Crcular Funct_ons.

For a discu qi on of: inverse runct

and TC A2-3

,

I. L)1,,A MI LAC. wlca
,

LX-AkallAA tALA, a Al

.hange; of 00L ul a.11 Ac,,1



4-5

A _ = aresin
----

Doma1411 set of all real n-_

Range: all y = f(X) whpre

f(x)

Du,41 8, . a.,

Range: all

Tue

and ,-

y



Domain: ail real x except x

Range: ail 7

4 -5



4-5

Derive the formula
arct

Let g : x aretan x and, A

where y= arctan x for all Iva

, D ctan x gl(x) =

Derive cacti 01 sate

(a) D arGot A

',C...? 1,



tt

(c) D arecse x -1

lx1
2 i

Let g(x) arecSe x and r(y) y

IIfor xj >1 and u

The', g I (x)

rit,Lc; 6.1/4,1)

y I 6

4-5



6. Find 1_
_n

k n whaL Lt
hho

arcoin x au A- o 1)

Let 0,1:CM IL,

Then

J arcco
1



TC4-6. Compo ons. Chain Rule.

4-6

In Section TC3-6 we supplied a geoiu i w, the a. aYt ,

composite function. We now give a geometric interpretemtiol. ur the ellodh rule.

For the graphs , and gf we 0J..0...LIL.e the oi a.-,

and the derivative as a 1imit.

Let g wid outi-1,1-n .L5

Iu Figu.i TC4-otk C 6Thpl.0 of

(A,BICIDI .ild

TC3_6, 3 od).

1'he .010-1)

the 6441.44

) L4.1.

)1;

U thk



4-6

If f(x) f( a) , then the product of the elup

12
c is equal to the slope ,of chord D ;

(1)
- f a.)

x

IC" f(x) aa) , the niwye ci

? sero, the slope of chord Di of L144,

arid coincide (Flgiaz 4 obi ,nu

CI

the uu_ t

10 al

AA and

is
.o, 10411 ps,141tt5 C1

g al & G a)

flat

f(a)



8olutions Ebcercises 4-6

1. For each of the following, find Dfg(x) Dgf(x) Dri(x)

(a) f(x) 3 - 2x g(x)

(1) Dfg(x) D[x-

P /

.1-
/ 3

) Dgf(x) = Jaw).

)X -

(iji) ,,Dff(x) D(( x

4-6



4-6

, g

D *-111`x

oin x co*

(ii) rtgf(x) . D 31J(AE)

(ii

(1v) Ng(h) =

(1)



(e2- f(x) sin( .ig(x) =

D sin(1 - x2)

7 -2x cos(1

(i) Dgf(x ) rilL- sin-(x )

Dlco6)1

4

(1V) uK61/4,N)

2: r.1101-, Lui(x) 1

0-) .k-)

1i4¼ ,

( )

1

- Lx ntn(x
2

4-6



2x +

Evaluate:

.+ cc

-
2(1 -

- 2x + -' -I-

.

1
-1/2

2x

D co S x - sin x
27]/7-Tcox 2)1, x

lie 4x sin x x7cos x
=

2 ATT-I;



c co o x - n cos(vos x 6s(cos x

-sin x sip( as x) sin cos(cos x

d):41 (cos x))

cos

If- 0 x < n csie(cos x)] = -1 , and if n ix

D[arcsin(cos ] = 1 , etc.. Refer to Exercise2, 4-5, Number lc.

D arctan x 1

1 4- 1

n x cos x) = sin x

2 2
D in x - sin x D sintx

sin (x2)

arcsin
D (sin x --Cos x)

sin x # ens x

fin 2x



x .

X + 121c+ X )

(6...t.c sin in(x2)

(g) Dx ar t ,1 aret

-

arcs (xQ -3ill

DFTx
x2 Ixra + x2

x + 1
x - 1

o

egin -csin



For sin x < 0 ,

,
D n x = /37-71/-9-

coax
= cot x.

in x

-Hence for all x excep = n integer, Dvsin x -cot x

where v = cos x

- 173

8

0



COMNte the limits of each of the fel.lowingra

(a) Um where-,

wher

-2 srecos a

If = (Ax + B in x 1 + D)cos x ,

ons D , C , D such that for alc
13

f(x) .t- BTsin x + (Cx 4 D)CCDS x

fq((c) = (Ax + H 4 C)COS x + (A- rx'-..D)sin x

f1(0) = B + C = 0 since f1(0) = 0 . in 0 =0

n
= A - C 1) = 1T- , since

' °f'' (n) = -nA -= 0 , hence A = 0 .

Hence fT(x) = D)sin x and C D ='

Thus 'A = 0 B= 1, C . -1 , D = and,

x x co-

174



A + 71B -+

-A.A4 C- 4-'141(E

A : ark 1-levee,

B 5-0 E Q
=

to

e-. (x

g(x)
, 2in x cosx f in x

-) f' (cos x)

excein,
I , -t- n x)



12! Yrove-that thederiv4iye of am evb.
.

la asaumed.that the derlvatIve axis

odd and vice verse (it

Odd.

Dg(X) = 71)g(4- is even.

graphs of f., both

Show. tha sueh that:-

,tLbt, hk_den9te h e 1) > 1) and as

mien, J = possible as the degree of

is7-1so e -1 ie zero. a

AP 1

iii Assume

of teach side:

1s6 impv

e the degree of p is n

is m -`tyre 0 and p(x and

rite baVe no common factors).

q(x)Pt(x) P(x g'(-)

er, of ed,. de:

2m + 1 = m + - 1 or m m n

1.76

and the degree-.

are relatively



1 kg _pt

Sines the le t-hand side.is a polynotial, so must the -r ght-hand

side-. AlsO, -sines )p 'and q: are-relatively prime this implies

that x) is divisibf by Lq(x) .- This is impossible since the
-

'.degre6'.1of% q' is 'One thharf of' q

TC4-7. NOtation.

This section is included (at this oint) as a reference: it need not

be signed as M unit for study in its own right.

Solutions Exercises 4-7

Let y = sin x and x = t

1

Find
t = 1

and IX
dx x'1

A4 = D sin (t2 1 ) = cos

dt1
t = 1

IL = co 2 .

11 = D sin x = cos x
dx

' = cos 1 .

dx
1

= 1

2. Let y = f(x) and x = h t

dt -=-
t

in

Let y = f(x) x = h(t) x0 =

Using Theorem 4-6 show that

dx

Az.
dt

t=4._

dx
x = xo

dt
t=t

0

177



dz
tieing Leibniziari notation, find -c in to

dy Ow dt

dt ' dt
and

dx

dt dw dt
dt dx

W



In elementary calculus texts'it is customary to consider formal techniques

_ Implicitdifferentiation and-omit referene to questions that are involved.

This text.Offers an honest,. direct approach. It utilizes well chosen examples

o4lointup the great Convenience of implicit differentiation and indicate the

impossibility of Obtaining an.explicit definition for all functions defined

implicitly. The dis on of, Equation (3) in Section 4-

2
A arctan z z = sin x

_ -
ncludes a plausible argument justifying the ex istence of the unique function

. This'nfe al l'proof" is in line with the formal proof of Theorem

Ma.

Theorem A5b may be paraphrased: if an implicit relationship

F(x,y) = 0

defines a function or y x , and _ that function possesses a

derivative when the point (x,y) satsfies the implicit relationship, then

that deriVative is genexIally obtainable formal implicit differentiation.

The text includes-an example illus;ratin the case where the derivative at a

point, (x,Y) exists but is not obtainable by implicit differentiation.

Solutions Exercises 478

, 1. For positive x , if y = where r

. -1-...=,14p , q integers n.y9,..,211. . uming-Zbe:existence of the
a.,-

formuladerIvative D y , derive the formula D y = rx using implicit differen-
___ _ ,.:1'..e. _ n n-1x .

tiatlon and the differentiation formula D
x
x = nx- , for integral n

is a rational number, say

y x7 , where r = , x If yq pxyq = D
x
xP and

E
qyq-1 D y = , whence

xP ikxq
roc
r=1

q -1 q

179.

t



.2
3y23x + 3y D y -x

3x2

3y2 - 2X ,

2x Dxy - 2y

Por eadh of the following use implicit different Lion to find ,D yx

x.'

2 2
2xy x Dxy + y + 2xy'Dxy

Dxy



Use implicit differentiation to ftnd D

(a) x + y.& k , :a constant.

21ST.

xVx 2_y

y(2& + 447)

(b) 2x
y22

-1-`

roc 0,

2&

4xDx 3Dx + 3x +

2
) x
y + 3y + 1

Y

2y +

,

»2&O

# +
2(x ze)

Y y )171-37
1,,



each ind t he elope o
point .

e curve represented at the- stet

2x + 3 y2 + x 2y +`1 = 0 at the point (:=2,1)

3y j 3x Dxy, 2r

At (-2,1 ) ., y

2.2
3r x Y

- 2Dxy = 0

at the point

2 + 2o,r2 + 3y2 Dxy 0
x-

-1) Dxy = -5

-y9C )1/71- = 2 at the point ,1

1 3/2 -1/2
2x "Qt y Dy- 12y Dx

At; (4,1) ,D

At 411
-2



FOr.each equation, f nd.
pr'-pointd-where x -y

. -
slope 1.1e- Curve' represented -At-th

-geOetrIC explanation fOr thasa.r

2x It 2y Dxy = 2ax 2ay

ay -;
y - 2ak

cc curves'are symmetric abo the!.1 14_, y m x . Thlas at the.Poi

where, x m y the tangenti to he curve are orthogonal to the line, R

-to Exercise -5 . 10).
. ,

Find .33y by implicit differentiation.

a'-sin y b-eoaX m Q_ (a faonstant).,

a cos ypy - b .1n

b sin x
cos y-



cos y + y sin X -m

y x sin y sin x Dxy cos X

cos y +. y COB X
;x sin y sin x

.sin x r = sin x n

(cos x7/4 -y .m cos x c s y Dx,y

y 'cos xr cos x
x cos y a x .cos 2,zr

x' + YJ Y

cse k.÷-y cot -x y 1 D

x y y tan X' 7 1

, 2an r 'x sec r -D
x
y - tan x D xY y- sec2x . 0

-,tan y - y sect x
2Ix --x sec_ly

(r) tan ry 0.

(sect .#
t:st)1/43r + xD xy) . 0

2
D y sewy 2x sec- xy

(g) 3', sin x tan y

sin xDy+y cos`x = tan y+ x secx
Der tan v cos x

-2sin r - x sec y



0 < x 44. a then the,:agnation, 39 6 Ire7: defihes y

6 Aantuning-t6b01 existenqdof..thdderivativecehoti -.without
y that (x) . is always! negative 6-

saw yB negative DI.tc x yr

19.
-Asetssinz, bat X m 0

the following,4
(a) D + cos y

2y D y + 2x D x
Y

P

D Y-2 )

+ D. = 2x + 2y.

D _ wir) Dy
f x) = ft x,D y y) ft D x

=



I ,;

=

'Let- and)* be two;dtr-ves which intersect
ind let.7-44 'lopes ci and (x ;0 5$0
reqe etiy!ely - If the product 733.2.2 -equals

and e_ are orthogon
Show,tha.t th& 1 with- equation-a.

'r 3y 4.-_.4x v+ 15 6.- orthoggnal.

at the point

be and

7,-7e,say that- the curves

0 and .1iY ='7111

O ah D

hence the lines 'are _orthogonal.

2
Show that the circle x

2
+ y

the 'line y .constant .

constant, is orthogonal to

11. Find th

hyPerbol
of inter ec

a of intersection of the ellipse -x2 + 1

, and the slopes of the curves at

on. FShow that the curves are orthogonal.

n e on-are-

10 and 'the

heSe points

or the elli s

D__y.



,
11'.

,
Show that t

each two

family _of

members of thef

thatintersect cessari

self-Ort:

y
.a1

'anQ

intersect at r ht' an

be the point of cilon

slopes of the 'curVea-' 5:4-s(x t

AlectiVelY
YO 0 -

. y

whence X 7+- - a
1

2
y = kd (x0 - -4a_a

curves at _Oct:2i',

'immediate.

Tnus, 'atle proauct,t)flthe sio

4a, a,

1 2
-,4a

.-=
result

A13. For*Whatyaluos.of, k will there beexactly one lice_ passing through the

pint (PA) and orthogonal to the parabola y = x- 7- -For what values

of ,k,will.,!therebe exaet throe orthogonal!lines?

q.het the equation o e line through be

line intersects Slope of parabola

+ 4k . For orthogonali

fi

the parabOlao... However, since DY = isteroual-to
x

y-axis iS orthogonal to the parabola at the ,411.

orthogonal to parabola.

y

Hence,-fjr all -al numbers

Thus, there 'will be orthogbnal _in s_of th

t k which pass through the point 0,k) and Ar -orthOg&

are orthogonal to parabola.

0.at, (0,_ the



A 13641 drOpied out of a landow

nil a .i2 in t seconds.

obabrver ia= Witehiqik from
-another window at thee, baine. height,

48- -feet .away At what rate is, the
distancb of -,1410 ball from-the ob=-.
server two seconds after
the ba d

) tion which,
fines the -dis-

between. thq
bal e

Ts impli differentiae on( h que.tion of t _d problem.

m. tithe .diht.sitice of he b 1
,
the 'observer is increasing at the

-21e i . %

.L. or ftise two seo.onds after the ball. is dropped.

Given the simple. ha onic motion id*d bed by *the function

rt .1-. sin ( ok t + c) 'where w nd sc° are donetants. Find, theTueqoatpat tiins.. t ':
-.._,

..,

in (wt+ .c) w cos(

'cos _

Simple harmbnic me tip may also be described by the fu ction
p : cos were w end} c are corkst Find the

veloity.at time to .

r) cos( w



The magnitudes ot the o n ;described

except .1` or a pha0e. ft of radians
-

= ,

If a simple hannonrd motion is dscribed tt
A 'sin 0.) t c6s w t her A ,

determine the maximum steed.

and - {bp are the samd

Refer to Solutions ies 14 -4,
-2

A;- sin' (ii t 'B cos- t 4- B
,

A4 t

n

t .7.7727
cov _A
X

B

Speed is maximum when !co_

e,ed 6)---42 4-B%

bsin aresin





*2. . In Section 2.4 we edthe velocity of an obi
stradolturmat.earnet,t_,is given' by

ratio

and9in Section 2-5 we observed tiqat.;.this. limit is the slue of-the 44°

deriyative at t = t Experientally it has been established that

)Jilff'distance covered in time t by a freely falling body is proportional

t , and therefore it can be repreSented by the function

tct2 , where c is a positive constant. Show that the velocity

a freely-falling bodyd.s
directly proportional to the time.'

2

. .

SupPose-,a%TrojectiAis ejected'at 'point P whidh.is .20 fd'et above

the ground with ipi'tial velocity a vn feet.per second 'Negecttrie-
-.5 '

ti and aasumeAhat-.. the projectile-moves
%
up and down in a straight line. )

Le 0(t) denote the height (above P).in feet that the projectile- attains t

ut,
t _onds after ejection. Note that if gravitational attraction were -hot

e ing on the projectile, it.wo d contint to move u, and with-a constant

Ar locity, traveling a eistance d_ v feet per second, so that its height-
e 0 .

-

at ti would be given by,_ eW, v t. . We know that the force. of
.

0

gravity:acting on the projeCtile eases it to 'slow doWn'until its velocit-
,,

is zero and then 'travel back to the earth. On the basis of.physicale-
,--e

/

where. - k = c. is a pc`eitiv constant.



1r-

periinentt the forimila e v t -
0

6f AravAk; Wused to resent -th eight (above
as long as it is aloft. __Ote -Oht 0 when

-.t...-. SC This mena that the projectile returns

level after seconds.

(a) Find the *elodity of the Projectile at t t
0

in erms of

'rep sents,the force

F) of the projectile
t = Cr: and when,

o.fhe intial 20 'foot

v

The Velocity ie given,by.

pl(tY = vo

Whence

Sketch the s vs. and the v v
axed.

v 01(t

:gt

cu

CompUte (in terms.of
1

dropto4zero.
. .

the ti

n the same ; set 9f

t

requiored for the velocity to

I

t 0
=



n to the initial 20 foot 1

0

n to the initial 20 foot level is given by

e that the projectile returns to earth ;t a\polut--30-7feet
mi the- initial. take off. point P What is ee ,veioeity.at

2v gtf 0

sincp the object is traveling downwal-d, g is positive. Thus
2 v

0
+ 2gs and vf

27
= 0 + o0g sine s 302 2 ,--

-193



Teache

Chapte

APPLICATIONS ON

TC-1: IntroduCtfon

In Chapter 5 we study the derivative

about the functiOn f . We here note some generelizationS °lout functions

which are derivatives..

f' in order to obtain information

The derivative of a pntinuous not neceqsarily continuous.

15-1. Consider the function; f given by

1"

1 1

x
2x sin - - cos - x 0

is continuous for all x / 0 .
The derivative cannot be continuous at 0

7-since '11M f` (z) does 'not exist.

Ariz derivative f' which exists through an interval has the inter-

mediate value property; that is, if fl, s on any Uo vales in

the interval [e.,h] then 171. takes on every value between them ,

(Exercises 5-3; No 20). This' property is quite retharkable in that

it holds for derivatives hying points vf discontinuity (Example,

;
, a

Q.,An immediate consequence of the intermediate value prope4.rty of derive-

.
tives is the f act that a derivative, if discontinuous, cannot have a-

finite jump. Note that_ in Example TC5-1 neither lim fl(x) not -

x-0-
-- .,

lim exists. (See Exercises 3-4, No. 16 for comment on left-

x..t.,
...+'

sided and right-side4,1imits.)

195



_ 9
ain- an eXPression for the first and.highe

-where n . is a natural: nutbey,

nx

general

D x
n

= 'n(n (r1; -

which ceii formally be premed by mathemati
ilh

For the case > n D x- . -0 since

Dnxn 6 n(n - 1)(n - 2) ... (2)C1 n!

derivatives exe then all zero.

/q
(b) Do the same for X

p
where 4 cis rational and not ntegral, -p

q
-and q. , relatively- rime .:' What, is the 'domain of 1., wherL, f (-x ) = 2?

/ID
,,-,.

FoiT what N'alude f is, the 'domain .cif f' different from that of
n/n -- . q

f : x P- xt-' ' ? .Answer the same qUestion -for higher derivatives of
.--

al- inUnc ion (Sed'tion A3-1

Higher order

corollary to Theorem 4-

e
for all -ationq4/numbers. r . By induct on, just-

n r
x = r(r - 1)(r -.2) ...

-since r n is rational and

n +..1 xr-n.

If 0 <
q

, then the domains of

includes zero, and domain

denominator and

will'-differ from tha

n 1(a) aboe,

and f' differ: domain

f' does not (f' will have x in the.

will not). In general, the domain of f

of f if ©< P n

Note. p and q are re--I ely prime. If E
9

were integral,

Exercise 1(a) above would apply.





,- Wh 1 the Aventy-th_ni derivative_ Of _

sin x ? (c) sin -ax ?
(a) x1( xi - 3x - (04 et)

(b) cos x ?

f Cx

W Sep buL, v 1 = s.1.1 I I cr-,1, t i 1 1

Thu s

La



'-The result of problem 3g is used

also be assigned.

1

.Find the nth derivativ,,

f

041/41/4,1,

n RI; hence, ir3h 1- assigned, should

1/4 a.

a



Cr.

By twice alying.the additAr 1!*ormula for cosines, alternatively,

fro Denoivre's Theorem CSMSG, IntermediLe MtAtnmeLlw, aLepLt1,' 12),

lc get

or

01

Cwn 143-1

COS 64

Thus,

P:.



t -1

(h)

w- could write thi

,101a)

Ii t I n-4aI

We Ii k, may

La vel1.C1,1 L,

1. 1. 4A.i. a and b

Show thaL k

(b) ir



f ( X
h

1'00 1r(x)

COUSequtl, 1. 1 y 1,,

( A -

h

kk f
detined, for cull x

( ) .

t.11. ie 1.

r -

j)
brb

11.

14C,1} n,t 1. I L aj, 1

_ x . r(h) - r(x)

r(_

0 L 0

5-1-

II

F

ty 1- mu,a ( homogeneity)



Proof. Gi ven

IF(x0 h) - P(x
for any x . uo F

'Lemina 2. F(

at x-
0

implies continuity for -all x
1

x) -F x

w

have by continuity at
But F(x

011t1ritiutts, tuly

Proof. to(

Lullarly )

LQW1 t fJy ifitA 1_1111,t1i.,, 1 11..1

or

or -

L.EILmLL. kJ )

t.
Let

It

lal I

L.1 tstal L

\,1..
t.

1'3t1,,,a1 ti.J.Ly I L

- 2F(x)

k

oral number.

d 4 any natural numbers

r ration

. .=a ,_ 1



6

So a'

sufficientt

end F (h) = h?(1) -+ CP

o shot g hornogone4ty:.\--

F(R.-.x) F(1)

So is homogeneous a

k F( x) .

c-!OLIS tsit.11 ly di

Civerl that the furiction F is sertued I,/

10,e) , and satisfies F(x 4 '0) -kF(x
'Show that F is everywhee difrerentiaLle±

of F assuming

(a) F(0) . 0 , F4(0)

(b) F(0) . 0 , F' (0)

If F(0) - U
thci, F i4 flfFa *a11
graphb

x l any 1.-ebl

x* such that 0 <

Then,

every

A

j1 . c 1ii
ants
Kraphs

/

,



p
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5 -2

The,rierivative at

We distinguish be_ een

or value at which-the function

1 tit L

es

Theorem j -ci, It is a liulp.,1 LaJ.L ta,,, 1.1, =.., ,u

as it is to know what it 'does imply. I dOco :., lutply URAL

extremurn;
t
it does not imply i_naL I uni .t ,.

Theoreh 5-2b: The suatem,,t,

On the:other hand, the 6eometJi,

hu may actually cat1se _ 1 e

and the point

imply

IIILmtlitate the proof

is indirect.

Co il_ l _'s 1 L",.., . 1,1 i,.., ,:he..:king

1,-,01(-1 .An, i 1 ,i 1 les ..t.s.A..., .1,,4Ar

,ommon Ilypvttle e.., 1.1.4 L.11. 1 if. .'1,4, iti, 4 1 , _,,,1ate.t.ce of

with .f'(u) m a , 1,, it 1(1.)

ittm itypotht.5.11-i t .lt. tt,e Vu1,4c at the end

,v-itary the remain-

points,

td,y

fl

I tu

for example,

al-, maximizes

rtx,Y);

lFF



Mn a taitfUrsketth on-Ahe intdgval:k [',01,t of the graph the function
I

f : xrr. +Ix x
2

x given in EXample 5-2a. Dles the graph confirm

the conclusions of the text?

X

yuua

t'k.)

ut mit.1

buL to)

iymn 1 ,..6 a. A ;)



Ia

5-2

1

17



5 -2

Three men lAveon the same str ht read. Where on the road should
they agree to meet so that thel of the distances they 'AVel along
the road from their hqmes to their meeting place is to he a minirrrum?

*4

We suppose thet no two men live'in the ball1C house, Given ally twp men,

the sum, of the clietancqs they travel LL, meet at any given point

between them'is independent

-imdze the travel al. 4L LL,c Houle

the man eS between Line u Lhe men

shown to

TIDAL, L.1-- la

(b) What is the a

1r Lne 1-ot, ,. 1 I

cull meet PAL pul-t.

b and

or (7 1 ) IL

t..

a0 I

S

It,

A

,ome

)-,

Le at Lti.

t the road in

11, 1.. the

Len

oL., Al

11 1



stone wall 100 yards long stands on a anch. Pat or all of it: is- to
used in, ferrning /4, rectangular corral, using an ai q-tional 2b0 yards %of

fencing for the °tiller three #&6 Find the maximum area whic2h can -be so
enclosed

zea of the

where x < 100

I t,

Ivor S

A I

ar ea

ton
tal and

,!re 1.z,





5-2

924 3
= 0 if-and- only if x ATE . The funetion _ has

2
-X

Only one extremism at x 1/46"f x.- 0, (Tkercises 3-4, No. 16)-ana

_ sufficiently:large, f(x) , can be.made arbitrarily large. Thus, the

extreme- is a minimum. see.greph of f .) The_ dimensions that require,

the minimum' material are

300

100

2 924
Wi S m f ) = x ---

x _

C

A right tria=ngle with h-_ tenuse it rotated about one of its lags-.

Find the maximum volume o the right circular cone produced.

The volume of the cone is given by

V 73-
gx 2 2

=: (k x ) f(x) , where

0 <4 ,k -f'(x) (k 3x

27

f(k) 0

k

21-- k3- f(0

the maximum volume

2I gk3
27

The maximum volume is

211

the interi o r point x =



Determine the lengths of the sides of a triangle of maximum area 144th

bate b and'perimeterL '-(Hint: use Heron's formula for tht area of

anglt: -A = - b) (s where la , b c are the

1_ the of the sides, d s-=
/

Am f ( ) = Vs(a b)-(x

b = s)(s)(b

2 /iCe x)(s b)(x b - s

24(s x )Cs - b)(x b

0 if b = s = -i or if k p b If = the.area is

zero. The Maximum area is given by sin isosceles triangle Ilith two equal

p b
2

si4es

1. Prove the c ollaries to Theorem, 5-2b.

Corollary 1.. Let f be continuoui on the closed interval [a,b] and

differentiable on the open interval0(a,b) If there exists only one

pint u .(a,b) where . f'(u) = 0 and if either"` f(a) < f(u), < f(b)

or f(a) f(u) > f(b) then f(u) is no a local extreMuM

Consider the case whe -(a) < f(u) < f(b) (proof for (a) > f(u) f(b)

is similar). Suppose f(u) Ida local extremum on (a,b) , then by

Theorem 5-2b 'f is.increasing on one of the closed intervals' [a,u] and

and. cicreasing on the other. TherefOre, either f(d) < f(u). and

f(u) f(b) , or f(a) > f(u) and f(u) < f(b) But this is a.contra-

Corollary 2. It f be contingous on 'the closed interval [a,b] and

differentilible on the open interval (a,b).. Let there be only one point,

u in the open interval where ;f'(u) = 0 . If f(u) > f(a) and

f(u) > f(b) then f(u) is the maximum of 1, on [a/b] . If ,f(u) < f(a).

d f(u) < f(b) then f(u) is the minimum of f on [a,b} .

-V(x)-/-0= on (a,u) -and (u,b) Therefor -(Theorem-5p2a),,there_are_n0...=

extrema on these intervals. Then, by Theorem 5-2b, f is either increas-
.

pg. or decreasing on [a,u] and ,[u,b] f(u) > f(a) and f(u) >f(b)

then it follows that f(u) is the maximum of f on [u,b] and f(U)



is the maxiMu of f

an (a-b)-

Therefore

Of- f pn te,b1

-thenn--f(u ) -4e the-mintmum---

or each" of the following functions locate and. characterize
On _what intervals is the function increasing? .decreasing?

(b

(e)

4
= 4x- - 8x + l .

16x3 - 16x = 16x (k2 - 1 is zero if x = 0 or x_. 1_ o

x = l ,. Since f(-1)..-f(i) =,3 and f(0) = a , by Lemma 5 -2

conclude that f(0) is a local extremum; f(0) = 1 is a local

maximum. Similarly, since f(-2) f(2). = 33 we may conclude that

f(-1) = -3 are minima. The function f -iadecreasing

throughout the interValS f is ine easing'..

throughout the intervals- [ -1,0] and x > 1 .

1 extrema.

x4 - 4X3

x
4

4x-
3

V(x) = 4x3 12X2 -; 4x2 (x is zero if x F 0 or X.= 3'.

1(0) and 1(3) = -27. Since f( -1) > f(Q) > f(3) f(6)

not a local, extremum, by the Corollary to Theorem 5-2b Sinae

f(0) f(4), , 3) is an extremum by Lemma 5-2. f(3) is a minimum

value of The function is decreasing throughout the interval

<3 and increasing throughout the interval

x-
3

1(x) =
x

1

x 3x
27

1
f(1). . Thus, by Corollary to Theorem 5-2b, f(0): is not an

extremum. The function f is increasing for all real numbers, as

f'(x) > 0 .

>

_ 0 if and only if x . 0 f(0) = o f(-1) .=;

213



fqX) '2
= 0 has no solution, 1 has no

-(x- - 1)
2

extremum, but is dedreasing throughout the intervals x < -1 , (-1,1) ,

and x >:1 . (f'(x) < b for all 'x [xl / 1).

t..

2
1 1-

(1 FX2)2
is zero if x = 1 or x -1 . f(-1 is a

minimum value and f(1) 2 is a maximum value. of f:

.
.

2
f is increasing throughput the closed interval [-lil] and detreas

. .

ing throughout the intervals x < -1 and x > 1 .

The function

A rectangle Is inscribed, in a circle of radius R- . Find the - rectangle of

muai area. of maximum perimeter.

om the,rectangle problem, Exercises 1-1, blumbe 2, we:have A ,÷,- f wY

whIR '- w on the interval '[0,2R] i.e., 0 < m < 2R , where w is

the length of one side of the rectangle. The derivative

411
2 2

is. zero mi.7 -iq R . We note that f(0)'= f(2
.

1141i2. -. w2
..,

(-.4 R w, 2R2 and conclude hat-
the maximum area is taken on: at the

I R . Thus, the rectangle of maximu area is a square

,d,

interior-point
.

of side -5 R

For' the maxima_ perimete

P 2(2

. 7.2 (4
2 w2 w)

The de iVati-Ve g' w
121R2

+
w2

is zero at w R Tince

g(0),= 4 R we conclude that the

mnximUm perimeter is taken on at the interior point R . The rectangle

of maximum perimeter:is a square of side N/

214
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area. of the printed text on a page is A square centimeters. The

left and right margins are each c centimeters wide, and the upper and

lower.margins and each d centimeters. .Mhat are the most economical .

dimensions of the pages if only the amount of paper matters?
.

_ .

total area of the page

2c)(y 2d)

(x 2c)( -I- 2d) =

2
2dx --2Ac

x
2

zero at x
d.

cA,

cA.
.f1(x) > 0 if. x d r.

-V (x) 0 if x < .

A =rxy,

So x is.a minimum, and the most economical dimensiOns of the pagesltEK
.1

are

2c hylrA
d

2d , in centimeter

T
,

x 2c)(,-i- 2d), where c d , A . 2 .



rectangle has two of its vertices on

the axis on the%parabola y = 6 -
2

.

rectangle if its:area is to be a maximum?

and he' other two above ,

e the dimensions of such a,

f Exercises 1-1 60

A = 12x -

f'(x) = 12 .-°6x2.. 0 .1

f(0:= f(V6 ).-2: 0' and 2 8

if the dimeksions are 21,/ by

A rectangular sheet of galvaniZed'metal is bent to form the, sides and

bottom of a troughso that the cross section has this. Li . If

±he metal is 14 inches wide, how deep must the trough be to carry the

most water?

(See EXerc ses 1- 7.

re d. is the depth.

(d.)

The trough should be.

Find the right circu ylinder of greatest volume that can inscribed

in a right circular cone o-t1 r and height

(See Tcerclses 1-1, o% 9.)

3
v f(x) Tthx

Ahx
- , < x < r ,

where is the radius of the cylinder.

) 21thx _

f(0), .= 0 and

-ircul ylinder _of ire o volume has a radius which is

of.the radius of-the cone and
1

a height which is

cone.

216
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5 -2

The laver right-hand corner-of .a page is, folded over so as to'reach the

1eft-edge in such 'a way that one endpoint of the crease is on the.right-
'hand edge OfAhaIage and the other endpoint is on the_,bettom ,edge of the

page, as in theligUre. .
It the width of the page is c inches, find the

en hof_the_creaaa._ . _

See7EXercises 1-1,_ No. 11

e, using similar

..2x3 for >

6x2c
is er if

x = Dr or c= c nee x = 0

is not in the domain of f ire

only x a c for extremu

and

consider

T267 2

f(.6c ) 2.16c2 and. 2c-?

conclude that f( c is a

minimum value.

he Pythaigor Theorem, that

The length-Of the crease is -- c .

What is the smallest positive value of t such that the slope

/TN
y 2

32
sin(- - ) is zero?

, r

f_(t) = 2 sin(

t 531
t)= -cps(i

A n,
is zero if - = -i.e., for t =

2 3
2'

A wall h feet:high stands d feet away from a tall building. A ledder

1, feet long. reaches from the ground-outside the.wall to the building. .

,Let 0 be the angle between the ladder and the building.

(a) Show that. if.the.ladder touches the top of ,the wall,

L = d csc h sec

217



der that will reach -the

0 - 3 csc 0 cot 0) i 'zero if

For .this value of 0 m 8(32 + 1)3(2

ladds- has length 862/3 + 4 . TO see that

a minimum at 0 arc en 31/,3 w- e find ctan .24- 4 28,5 and

( m: 141/T7 ., for example. Clearly, each- of these 4alsta is ,:

greater- than _ arctan 31/3 Thu by Corollary 2 to Theorem, 5.2b,
x

f is a minimum value.-

experiment repeated. n time's, one obtains. the numbers al a2

,.an for a certain physical quantity x .What value of X should

ake If we wan

minimne the sum, of the squares of the deviations,

2
lc x 7

Let f(x) m (

f+(x) = 2(x

a1x

the graph of

a

2 . Then

a
n

) V (x) m 0 when

Since.(the arithmetic mean. of the

a parabola

minims when x is the aritetic mean.

> 0 ,

_at value of x should. we take if we want to minimize the sum of .

the absolute values of the deviations, i.e.,

Take f ( x ) - al I I x a21 I x - an I Note that f

is continuous everywhere and differentiable except when x

, 2 , n We have

218



we seathat :'-'-cannot be zero unless here are as many minuses
_

as pluses, 1.e the number of terms is even, n 2n1, and
, .

< a
114

If < a we see that the number of pluses is le

thantht.nuqbe minuses, ' d ', decreasing in

each interval [_ al ] where .d
i+i -! rhus1+1

is decreasing henever Similarly, when x > a , the num-
m

ber of pluses exceeds the numb of minuses and f is. increasing.
r

Since f is; constant < a
m+1

follows that all such
=

ld the ;global minimum.value

Similarly, if odd, n . 2m - 1 we conclude that

decreasing for x m
-and increasing for x > a . It follows

at xthe minimum occurs

.7-

m
12. Find the maximum of xm y n rational and greater than 0 if

+ y (c constant) and x > 0 , y > 0.

Note that this s

Numbers 8 and 9,

special cases

n
x y-

'F(x) =

x) -

If F (x) = 0 , then

- x)I/1-1(m(c - x)

that

ent includes results established in Exereides 5-2a,-

A. Exercises 5-2b Numbers 3, 5, 6, 7, and 11, as

ate_

then

C X

x =.0 and x = c are endpoints

el

whose function values are zero. The maximum is achieved -where

ra( ,

the 'maximum is

mc
where x-

m
mc

n
Thus y a

m n
'and

219



Find the mlnimum.of x. -174 if .-xmYri.= k

raticansa, and greater than 0

e ; -maximizing ratio;
X

-in N

the same as the minimizing

Number 13. Exercises

special .of :tl

-ber

ratio

57,2a

is prob-

X

F',(x) = 1 7 II k1/11-

If F'(x) =

TC5-3: The Law of the

Rolle'sTheorem (Lemma 5,1 ) is named.fer Michel Rolle (1552- 1719),

French cOntemporary of Newton and. Leibnitz. In some versions of. the Theorem

the end values, f(p) and f(q) ,are taken to be zero. fi

The Law of the Mean Theorem 5-3) is- a generalization Rolle's Theorem:.

it does not assume that f(p) -=--f(q)

In many other texts the Law of the Mean is referred to as the Mean

Value Theorem, of the Differential Calculus as opposed to the Mean Value Theorem

of the Integral culus which we call simply the Mean Value Theorem. (We do

=not-prove the Mean Value Theorem in the text, but leave it to the exercises

since-it is not used here to prove any later theorem.)

,The,aw of the Mean would be false if there were theoretical gaps in the

set of real: numbers. The proof of the theorem dependi on the completeness of

Ilre'-eal-nUMber-SYSte6.. -MO -specifiCallY, the pr(537f may_be traced, in turn,

through Lemmas 5-3, 5-2, Theorem 5-2a,.Lemma 3-4, Theorems A4-1,-3-7a, b, and

the Nested Interval _ nciple (Al -}) to the Separation Axiom.

Geometric intuition suggests that the Law of the Mean low

immediately from Rolle's Theorem. The inherent "difficulties cu tsed in

220



the test. However, 'the.intuition remains with the Generalized

_Law.of the Mean (Chapter 11) . Consider a differenti\ahle arc Chapter, 11) given

c fo b the e uation-

where 't and. G_ are continuous oft the -closed inter=

entiable on the open interval (t
1

If 1"(t

sim41:taneauslyaero in .(ta,t2) =, then there is.avelU u in tl,t2) for.

whichthe slope of the curve is, tie game as the slopeorq he chord joining the

G(t If ( FT (u) t 0 thisendpoints, G(t

statement takes the form

and.

G'(u)
t

G(t1'1

P77-0- F(t2)
Generalized Law of the

Statement of the Generalized'Law of the Meant Let F and G be functions

'continuous on [aib] and differentiable on

in (4,h ) where

;b) . There exists. a value `u

G'(u)[F(,b) -,F(a) = F'(u)[G(b) G(a)] .

Law of the Mean is the special case with G(x) = x

There are functions that do not satisfy the thesis of Theorem _3 for

which the Conclusion of the Theorem holds.

The Law of the Mean iof utmostiMportance since it IA used in the proof

f most of,the theorems of differential caloUlus.. The theorem should be

thoroughly,10derstood and permanently remembered by each student.of calculus.

Example TC5-1 shows that f'( a.) may exist although lim
x.-a_

exist. We now prove that if lim fl(x) exists, then f'(a) ex

xaa
exists-for all x in a deleted neighborhood ofhypothesis,

Let L = lim
x -a

Given G, there. is a b so that

< e if 0 < lx - al

does not

By our

< e if

221



alutions Exercises

-.-

RrOve Corollary 2 to Lemma 5-3.

rCorollarz 2i= A pelynomial of degree . n- have no mere than n distinct
real roots.

Let .1-
2

of p

The n- h deriVative

-g rklby pCn) ( , a nonzero constant function.

It follows. y Corollary 1 to Lemma 5-3 that p
(n-1)-

has at most. one real

root. Applying this argument recursively we obtain the desired result.

n

SketOh the graphs of the het ns in Example 5

222.
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Is thdfollOwing-conVerse Of aBle, 's Theorem true? .1. is continuous
on. the-closed interval-,Yfp-qj and.ditferentiable o the -open interval.

(p,9) ;and ;fthere:As a, beet i int a a th :!lopen interval where,
0,---Lhenther-

sUch.that.:.-f(m ):=,f(nY'

its Anterior.

lie's Th

in the interVWI- -1 x -z 1 for

for erval cohtainink

ustify the conclusion that

X

0 for some values

-.2x 2
(Y. e olle'

, ,2 -7.7
' 3kY -F. 3-1- 3x

.,

_ore does o 1161dfor,the clOsed interval -1,1] since does
. ., ..,

---,-

exist a = 0 . ,

not

Given: -f( a 4 2) - It . Determine hou any solu-
. , .

tions f'(x- = -cha2..and find.i4ervalejneludink each of these without
caaculating -f' ,

:T

. . ,

Uor011aryIAO 'lemma :,,fqx) -_0.- has four solutions.o 1 cane
.,

eOlUtiOn in each of the _pen,intevvels ('0-1 , (1,2) , (2 d., 4
,. .- , ,.:, - _ihck:the zeros of -. f are pl.a a ;a ,- 3... ,

I
Verify that o1.1e's Theorem Mma.,-3) holds for e given function in
the

t

kiven in erval or give a reason why it does not..
, - .

4\ -3 + 4x' - , 10 [-1,2]

2 - x.

x3 +,4x - 7x

+' 8x - 7

f(-1 ). f(2) . 0

the'zerop.of f' is in' he iagrvaa

us, Rolle', diem holds.

224
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5-3

The function4s not continuous at x U l t,_1 hence the theorem does

not apply.

Prove that the equation

cmnnot' have morethan two rena
than three real Olttioas for an odd- , -e /0J

pr lem can also-:b done wi phout it (PlA.,rcioes

1

4 px* q

If n is even, f' lid wl

solution.

more..than

It fullowb

eat sOlati,..a 1,. (1.1 .

.iage.

e Theor

is of even degree mid,

case iqx) . 0 has no libre tliarf real sat1,-s

6.. A function 6 11,ak.,

[a,b] The ,luat,0
Intel-km), (a,b)

solution in the

By corLmiaAj

interval (a

have at least

9
f{x in

at

defined

of the Mean n,ii

(1.5 , 1.6) su,Th LI, I

nonnegatiove.

C,,)

nor more
Thy -1

. a only

i odd, f'

In this

onS in the open
Lin at least one

rit

i6 -ot

tilt. Law

.id x] ,t t u in

,4111, 1,0



5-3

10. For each of the following fiUnctions show that the Law of the Mean fails

to h04,' n the interval [-a,a),'if a > 0 . Explain why the theorem
t

a Yet P(A) 11.1,4t,4

zero, so the Law of the Me6u, fai 1 Li, h,ld

If the Law of the Meal.

then for some u

so is never positive. (I

11, Show that the equatl,Ju
the open interval 1,,/

- x - t Lino t-kh

f(S) >,0 the

Intermediate Value U. ,e,

f has only one ',Leo, 1t LL.

12. Show that

Let

U 11

Since

zeros in the

vaitie Mleotel

13. Flu a-n4Mbt,Tth,
for the given fieL

(a)

u = are: it

=1 arid. neve

_Joe:, 1101 exi

IntQlvba

But f' 7; and

X
c

one doiation

2 by the

the function

Lw,!, zer-

t.,.at there are

It e intermediate



u = or 11

3

1 < x < 1

0
14. 11ve

(a) dal.. A

X' Is

of tti_

If f(x) - We.

Lim Utt,s,

x y

nahe-

11 a"

e%.

Wc. avw

:36 .that

Y

L

\ 5-3

abl'e lor all

able



5,3

1 1. Use the Law of the an to appro

Here f(x) = -JR _ d can c

simplicity. If _app oxima

graph is the cherfil'Oligith

Thus, an approximate vai.,

Since Ig(x)

in [P,q]

La

and

---, zM kA- 1

pulhlp

5

.00811 .

P erical

Q the 1111,.,,b, sevtjun 6

L,,A 0,e)

11-001 \1.0 08 1 g:k

To get a beit.ei

geonvenlent value

LI

Alt .-taa,11



Ally s two

1.008 - 1

(hers f(x) = vx , q = 1.008 , p 1 ). Then 6ix

.monotonic in (1, 1.008) , we have

or

16. Use Law of

Choose

taU

1.001( s. -5s/1.008 . "ss,zs

,

Choose q . an
.s 1'

n,

C.,

5-3

1 < u < 1.008



ma i£ a >1,

Since

W obtain the Se611.0,1 inequaliti3O

ea

na

18. Using Nunber 17 obt:in the roliuwing 0411,1/ILL,:

3
_

-V30 -

n -=

3
(L) 5( 44)

pc bet

show

note AA A

+'c
L_+ ALA 6AI, .

G. in,

2

11.1,4101-LJ,,

1

na < U < a

.41



A19. Show that a straight line can intersect the graph of a polynomial

function of n=th degree at most n times.

Let y = mx b be an equation of a 6tiaight linc

p(x) = ao a1x anxil be an n-th degree po ynumlal

Men if y = p(x) , we have g(x) = 0 , where g(x) -

2
(a

1
- m)x a x # 4

Lemmval5-3 (proved in Sol.iiun FL 1

LSyj . al' L

Lt,

degree, has at most n disti. s1.i0i=, a straight

line can intersect the graph ut' ui Lh deg ee

at most n times (unless, o 0,$) u 1,e

p is linear and p(4) = _

(b) Obtain the corr

.0
Let h(x)

(

Rix)

g(x)

function or degree

q(x) P(X)

mast t u ,

111 nt

ti,,

I

the equi,,tit..

.The satin

A 20. Prove
differ_ entiuble

value between fT(p) ;,1

Support 1--(P) - m

extst,- a value-

,( )

, r,

1111 al

rt

1.ear

ine.re



For the function

Where 5 is fixed and satisfies the pre

g(p) = m < tg

The function g(x) is continuow4s on the

and therefore satisfies the intermedIate vale

There must then exist a value r in (10, q

-8

follows that

ai ti) ,(1 5]

y Wu that' 1.nterval.

such that

By the Law of the,Mban We have for some value r(r o) - f

where r < u < r 0 It followo that f'(u) ri

.Alternate SolUtion;

r_ ib
P

ir_n all ValtA tut u,

1,1

x - p

tilkk.

for x / p ,

for x m p

VM , at

tvi

for x a q

11 r(P) and
P

rE exists a u such

(x) for all x

values

Law th, Maim that

od,d r'(g)



5 -4

TC5-4., Applications of the Law of the Mean.

Ine Law of the Mean is useful in situations when we wish to derive a

property of a function f: from a property of the uerivative f' .

Corollary 1 to Theorem _.-4-et states the seemin8ly obvious proposition

that if the d ectipn of a curve is horizontal on e In._,,al L,_hr 4_1, ,zul-vc

is a horizont_ straight line. In hinamati,S it 1.41 o14 Object,

which has zero velocity stays in the same pr.ce. (To Ix atndeni (1110 may

seam like disappointingly small potatoes.) Perhaps i1 hould be pointed out

that it is worthwhile to check our analzLial abotiacti,,na bloiAblly to

see how closely they are related to the intuiti VC culietioil,din Irom which ,hey-

have sprung. Further, we shsli L,e Ai

cant corollary has Important.o.acy.al,

Exam le 2:LE. How bmail

In order to guarantee that e,Q

_ we assure Lilo

We suppos, lhp.1

follows that

It is suffici,

1. On wha L interval. 1. ih, fu,

Gangly mo

x

x

By Theorem 5-4b, f is

decreasing for 1 x and Col

( 11,41 11,1 buc,m111K1y 111b16141fi

, 1.01'



5-4

By Theorem 5-4c f(1) is a maximum and f(3) is a minimum.

y

1

( ) ,

10 1ui4 Jecre
No. 3

kf 40

rs(.) LI -OA

=4J3(X

f is increasing -10i

f is decreasing for , A

X 2

6



For each Of the ol1oWing functions find all -point. tWvnic
f' (a) = 0 . ne the sign of fl and determine Op

which f is ugly monotone.

(a) f(x)
1.+

f(x
4

(c)

(d)

is increasing if 1.0

- (1 x c.-tl..l

1) = 0 . P:01- R 1 II( ) -

x < 1 , fl(x) < 0 and f Jc,;

7

=

t

2
ix -

fl(0) = 0 r',

hence f is 14:cruu

f is decreasing for'

.LA 1101'



If p and q are integers and

f(x) (x - 1)P(x ;-1).. i.:(p'=> 2 ; q

find the extrema of f for the following ce!ses:-

p -and-el" are both even.

is even, and q is odd.

'p is odd and q is even'..'

(d) p and q are b-

First:Observe on the baste or Lemms 11,01 10 .1_ Ias t tine extrennlm

in the open interval (-1,1) . Next, we flute that, the derivative vanishes

at onlyr one point in (-1,1) se that. the Only extremum in the

interval; namely,

1

P

)?{'4 (q

p

so that.. I" in ,"ly at x = --g
P

i rinally
*

thap,lf.,q, Is evsn, Llic sign ,f Li., J_..iva b 1'6 = 1 and
.

there i8 an ext.rmum tt.,- 41.; i t q 10 -11 he ..16n dues riot change and

,.,

tli,

J,Im'ft.0
,-.

p at. x - -1 . Withthere is an inflsvi.n. the sal,,

r this as a guide and lynch-lug alit,
. i '17fA

cha(lE.m at x . + 1

we can mhel0A1
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If , q and r are p__
graph of the function

f E x (A )1\-
Discuss some special canes m a N1,1L-.=

1.1.0,c.c,:.cidt..b; 4 1:(4)1.

(c

r(0)

A x incres

Witt L bOund; toat, e .t gh

grows large with, . If 1.(1. a it

large wIthuut,

By Lemma_

I nterval 2(a.6

fl(x) tp(A

and (b,c

qua4A"ki

in =ip ,

We can now easily

of g(x)(x a)7 where

are three basic cases tu

A

g_

1.1,4ne

the inteintervals k.

.,1

1 Or

There



Q

n = 1 The graphs y = g(x)(xc

without tangency'.

(ii) n even. The graph y g - cx ' doe* _ ross the x-axis

at a , is tangent there and has constant sign in a demoted neighborhood

r a . Hence x a- yields an eltremum_

(iii) n odd, n > 1 . Th
,

at and has a tangency there.

To sketch the graph of f wc `oabervt Liie eh sgee of ,sign in thh

function and use the t,Jre6o1u4. 4 and r cart satisfy the

conditions (f); (ii), (ill) tLare are distinct cases.

We sketch A ,.,u I odd,

A tank A-
right cir
end co5tc t
part. F111,1 u

The surf..





where

fthe
is given Vy.

S'4 4icr 2nr.

4 ,2 2V

represents the voltme.

he It-l-per-squa -then -the tOtai-cOstr-C--,

and if _ hen

r 7

most ecOnOM cal dimens ns

Find the.len
around a COr

_h of the longest rod which can be rried horizontally

__ from a corridor 10 ft. wide i 0 one 5 ft. wide.-

See Bxergas 1-1, Number 10.

L = f(Q) 5(2 csc 0 -I- sec e)

f ) = 5(-2 cot 6 +see 8 tan.,

is zero if tan = 2 and

. 07 arotan 2
1/3 For this Alue of

f(®) 2/3,

22/3 1)3/2 .

thdt-thii-lb-0 minimum value -of f Or we -observe that-th e re is

a
y one extremum in the i rval 0 and for 0 near 0 and in

this interval, f(e) is very So L = f(arctan 21 is a minimum

of f
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Find-a point P on the arc-
such that the. sum of the lengths
of the chords AP and V! is a

ma.lcimmn (0 <It) .

'eagle FOB = 'Then an

POA:p 26 -:20.0. If Iket

equal length= of chord PB and

yg equal' lbngth o chord JAB ,

then sinte tfia- es BOB and
I

PQA are .iaos have

n sin 0

y = 2r sin(6

imize

enc_=

q90 co

This occurs is the midpointlof arc

One cou 4 also consider the family of

at A 4r15., B By symmetry, the larg

nor) AB will be tangent' to it at

onfoda _ whose foci are

t ellipse intersecting: the arc

midpoint.

Bhow how tt. determine a line, if possible which passes through the pOiat

'(5,6 ) spch that the area of the triangle formed in the Tirt quadrant

is a positive number -a . For what values a is it impossible to

construct such a triangle?

By similar tr ngles,

of
8x

Y 5

Let Ala area of the triangle be

f(x) , then



e the quadratic equation

-Toots Since'

+ vaka - :01
-8

has real

a moist 'be 'greater than or equal to

ue of
2

5

This dmplies that the minimum

is 80 Note that t6r =s 80 , there ore

conditions.

We-can eleo obtain thivresuat.by setting

ft(x) = 0

4x(x '..- 10

(x - 5)2

Thus it 10 and f(10

triangles satisfying our

A graph of f with the domain extended.
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-Find a point. on the aititude-of-ad isosceles triangle .such that the sum
,of ite'distances from thevertices is the smallest poesible.

um of the distances,. S the

of the lengths of the segments

r and CP where P is a

point `on the altitude of triangle

AMC . 'S = 2a see a a tan a ,

where. a reprpsents the length

of the base .11C S = f(a). so that

2 6
00 =jt see Ce(

n
COS a

note that a) is zero if and

only if -sin a , that is

If ct). , then f'

a minimum.

(a) < 0 , hence

e, note that this minimum is unobtainable if the base

angles are less than r radians, as P must remain in the interior of

the triangle. If a < angle A < then the,minimu of f is obtained:,

at the eadpoint of the interval, whetp a '= angle A .

is zero if

2(h - =

or

X)

This result agrees with that obtained above.

2
÷ a



11. Let be differentiable on a neighborhood of a point a for which

.ft(a ) 0 . If °f'(x)- 0 when x < a -and f'(x) > 0 when. x > a

then -f(a) is a minimum. If ft(x) >:0 when x <7et and x) < 0

'when x > a then f(a) _it a maximum.: Give a pro6f;-

We'eonsider the, ease. for )- a minimum. The proof for

similar.. Let x be a point.of a deleted neighborhoOd of

such that f(x) - f(a)-w

for a< u C ,c and fOr x < u < a From the hypothesis;

Law of the Mean there is a number u

or a ;-it follows that

'fg(u)(

We-conclude that x) f(a) for

Theref6re is a minimum.

n the neighborhood of

Let f be continuous on the closed interval [a,b] and differentiable,

on the open interval '(8:0:1) . Suppose u is the one point in (a,b)

where fl(u) =, 0 . Prove that if fl(x) reverses a neighborhood.

of U' then f(u) is the global extilemum of 'f on [a,b] appropriate

to the sense of reversal. '

By the hypothesis, f = 0 has only one solution, x = u . The

derivative f'(x) `,must have constant sign in each of the intervals

(a,u),, (u,b) or we could find another zero of the derivative by

Exercises Number 17. Since f'(x) reverses sign Ana. neighborhood

of u J-either f'(x) > 0 for x < u .ft(x) > 0 for x.> u . We

will consider

x u (th p

e case where (x) > 0 for x < u and 1(x) < 0 for

for the other case is similar). By Theorem 5-4c, f(u)

is a .maximum in a neighborhood of u . By the Law of the Mean, for the

interval [e,u] f(a) - f(u) = f'(v)(a u) for some v , a < v < u

Thus, in-this case fT(v)(a u) < 0 and < f(u) . In the same way,

applying the Law of the Mean to the :closed interval [u,b] we can show

that f(b) < f(u) The only extrema on [a,b] are at the endpoints or

at points where f'(x) 1- 0 . Since we have eliminated the endpoints as

possible maxima, we 'Conclude that f(u) is a global maximum of f on

[a,b] .
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iven'a function such that f(1) = f(2) = 4 1 and such that f "=(x)

;exists and is positive throughout the interval -1 x < 3 . What can

you conclude about f'(.5)? about f(2.5)? Prove your statements,-
stating- whatever theorems,you use in your proof. (Note; This statement

.

of the problem differs from that in the text.)

f(1.) f(2) 4..

'Sinee f" Oasts on'the interval-j1,3] f4:' is continuous and diff

tiable:on- [1,3] and f also is continuous and differentiable on

BY Polies Theorem, there is a number u , 1 <u < 2 '..such that

Since f °(x) '> 0 on the interval [1,3] ,

[1,3]. and hence, for u < x'< 3 ,-ff(x) > ft(u) = 0

2.5) > 0 . Since

in [u,3] since- u 2 it" follows that f (2.5) 1(2) = 4 0

- .

is increasing._

Thus.

>0 for x in (u,3) f. is increasing

Lat,.1. be a,differentiable function on (a,b). grove that the re uire r
meet that .be increasing is equivalent to the condition that ft > 0
eve re tt that every interval contains.points where f'(x) >0 .

T.eVUS.aeauMe
,

first that f increasing. If there e an entire interval

on WhXdh.:7 = 0 then by Corollary 1 to Theorem 5-4a it would follow,

that is constant on that interval in contradiction to the assumption

that. f is strongly increasing. On the other hand, suppose that .

f'(x) 0 but that every interval contains points where f'(x) > 0

Take any pair:of pointt xi , x2 in (a,b) with )c.. < x2 . We Will

show f(x) f(x2) . By hypothesis, there. is a. point u in (xl,x2)

where f4 >0 . Since f'(u) = lim f
f_

it follows by lemma-
u:

xe,u

3-4-that for some sufficiently small 8- neighborhood of u within

(xl,x2)

(1)
-f(u) >

x

Choose particular values p q in this 6- neighborhood so that p <u.

and q > u . We then have xl < p <-u < q < x2 . It follows from (1) that

(2) f(p) < f(u) < c(q) .

However, under the assumption fl(x) > 0 in

Theorem 5-4a thatt

(3)

we have from

Combining the reful

) < f(x2) , i.e., that

and (3) we see that if xl

is increiming.
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1 Given ,that -is:eve ere d

f1(x) , 0 x <f(0 , prove t
If for all. x such that
(0) for all x > 0

SuPpose there;exiete an x such that
0

--where=f(xl

f(xM) >f(x0) -> f(0) , we have ',A0 0 . If xm .x0 then 0

by-Theorem 5-2ar,-if xm x0 then'f1(xm) > 0- On the contrary,

fl(x ) <0 there would be a neighborhood of x wherein f(x) >f(x-
. m m m

for -x X. ,'as can be shown by the application of-Lemma 3-4 in the

17). In ,either

case, from f' -x > 0 we conclude by the hypothesis. f the problem that

) <'f(0) a contradiction.'

-,-.7preeeding.problem,or by the result of Exercises 5-4

kfunetion g Is such that g" is continuous and positive in the

interval (p q IThat is the maximum number of roots of each of the

equations g,x 0 and gt(x) 0 in (p,q) 2 Prove your result and

give some-illuetrative examples.

7=Wehave g" is- continuous and.POsitive on-._(p,q)-.. Then g1 is con-

-tinuous and increasing on (p,q) and thua can have at most one real

root (else g g 0 and gt- is not increasing).

If g 1 0 ,for any value Of x , say x
0

then g1(x) > 0 for

aid < x-
0

(g/ is increasing). Then g. is
r+

>.,to and decreasing for x < xo and can have at most

two re _ oats. If g1(x) - 0 for no value of x , then either

g'(x) < 0 for all x or g'(x) > 0 for all x and g(x)4;is either

increasing or decreasing for all x and can have at most 6hed

ease 1.

g(x)

g

g

> 0

has.. no. roots

has no roots



-g(x) x2 1

g' (x) > 0
e(x)71hauon- not--
ex)- qms:no'rpot

g(x) x4 -1;x2

gt(x) huo one root

g(x) has one root-

(10 > 0

11N r.1)110 rodt

g(X).
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> 0 show for valued x in a neighborhood

then f(x) > f(a) if x a then f(x)

no. g')""
-.Thusby.LemMa 334 there is > 0 such that

greater than zero for each x satisfying: 0 < lx

fI(a) ft0, Thu,,if >. a then

then f(x) .< f(a)

> f(a) , and

ve.an example of a function \f for which
not increaiing.in any nO.ghbhood of a

e example is given by the

umber 4.-,An0 her example, at -x,;

2
sin

IT
x

> 0 but which
no matter how small.

defined Ekerclses.4-3a,.

is the function defined by

The product

back on .the

f'(0

rule for. differen

definition: j",

li
f

rn

x-0

If x 0- .then fr( 1 a Tt

ico8
1

,m 1: and it. s-x - 2n +-1

then flE ) < 0 and ( 1)

tinupus at every point other than

x = 0 .

iatlon does no apply here, we fall

cos
x

then

2x sin

cos -1. Thus if 0 < x
x.

, 1
x then

2n

> 0 By Lemma 3-4 (fl

Q) is POsitive and

1

is 'con

heref_

is increasing itv,a neighborhood of -

2n
And negative and there-
.

fore f is decreasing in a neighborhood-of- Thus every..
211.+

subinterval where f is

f is decreasing. Therefo e-

hien contains 0

interval centered at 0 contains a

increasing and a subinterval where

not monotone in any interval
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Applications ...Lthe `:Second

The. study of ,convex functiOns and convex. sets is a beautiful subject in

the appearance of the graph of a function: The generality with-which we state.

the definition is more than we-need for this courae. -MostOfthis.discUseion

andeorrespending.exercises-may appr6priatelY be used -as collateral study.

Definition 5-5 does not require that f. be continuous. We can more

fully:appreciate the notion of'convexity by seeing one implication of the

requirement that a function be convex.

yelp:I-lit is geemitrically evident and
f (x

0
h) - r(x

diffrendequotient
h

f(xO
for fixed x Moreover

Let,us assume that f is flexed up-'

easily verified analytically that4the

a .aondecrcasing function of h

h) -1.(x0)
if 0

x + h) e

,It then follows that the_limi;t of \as .h .approaches 0

dither\through positive values or through negative values exists. Thus, a

convex function must have right and left-sided derivatives everywhere. Con-
,

treat this'iiind or behavior wi&the bizarre- WehaviorperMitted a continuous

function, rass Dtlfiction.

SOlUtiOrk'6.aeraSeS

bars 15, 22-24. Nbmbers 21-23 31-liquid beNuMber.14.As used in N

as Pl9ck). together.

1. For each QC_ fundtions; locate and characterize all -extrema
and state tWintervals on which the function 'is increasing (decreasing)
On what.interVals:is the graph flexed upward? downward?

.-2 1/2 /
(a) f : x + x ( c_i) f : x

-1 2

2
(b) f :

1 3
x

@

(d) f x x + ax
2

+ bx + c



x--

= 2x -
r 4

5 °5

5x 0 for).:

Thus ', .f 1 a local minims of and i T( -1) id tai

minims of I The unction I is decreasing on the intervals'

(o-,1) and x -1 ,.' and increasing on .-the intervals -1;0 and

x >_1- : The tion f is flexed upward for all x in .its domain,

that is, for 0

2
f -= ;77(6- x

x

> 0 .

Thus f ( -.4 ) is a 1.0

decreasing for:

interval

( -,0) and for

1(x)
.1

x -fqx
2x3/?

f'(x)

.t 7

nim The 1 is

and,..f or x > 0 , end. incr paSing

function f is flexed -upward on the inte_

downward fOr x < 76 .

Thus r(1) is a local minimum o f . The function is

creasing on the interval OX and is increasing for x > 1

The function r is flexed upward on the interveq (0,3) and down-

_ward for x > 3

al

24.9



, 2..

x) x + tax 4--

,
L4ery cubic e metric about itn point of lealon

TC2-2, and TC2 -3) aid *s either no maxima or Minima g-.*
-m:

op----11?-maXimum and: milVmum spaced eq apart,from t enter f
. . ...

;, , , :' . ,

) 'If the diSO mi 0 , then f will have a max -

mums
41

Mini6Am an nt infleetion. f will be flexed_
-

for, C ward for X
-

- increasing foN

and 'for decrees

if the-discrim nant of

inflection at x -a

for all -x *

0 , f w 11 haVe only a point of

o maximum or minimum; f increasing

,
2..,10 Show that the graph of the functiob

f x 3 sip 2x +,5 cos x
is flexed upward when f(x) < 0 and flexed downward when f(x

f(x) m in 2x +.5 cos 2

fl(x) m 6 cosoex- 10 sin 2x

f" (x) m -12 sin -2x - 20 cos 2x,

f(x).:..,

The conclusion follows at once by Theorei

Find-,hrd chara'ct'erize the extrema'of the function

.. r : x«x sin x 4- cos x

on the closed'interval: [0,ft] . On what intervals the graph o f the

function flexed downwapd? upward?

m x 'sin"x coS x

X) = X cOs x

f ° (x) x 3 x sin x
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and. x.=

So f s the- maximum of k on [OJT( ] and.-

-minimum. "(x) C When x = Cotx ,,or- x
L

onlY'zerO of f" On 3[0,m] . Then since f"(0) =-1 > 0

.[01x0] bythe.Intermediate Value TheoreM and the .graph:of.:-.

upward on that interval. f isflexed-doWnward o

. 7.

Yth.

V .

-17nere

Aegum0
maxiiV*Oor

iafleXed

_ction f has a local -maximum-(or minimUm) at. x

and -. (04 0, Determine conditions on a fundtion
, . -

dlfrA;entiablei such that x gf(x) also has a local
.. .

f has a local maximum at

To. guarantee that gf(x) has a

[gf(a)1' °' 0 and [gf(a)1" < 0

[gf( if = g'f(4) Pc(x) 24,0

0 , Al

local maximum at

[4(x)] ". = g"f(x) :ft(x

Since f" < 0 and 0 , [gf(a)]"

2
+ 51f

have e(a)

only if ef(a)

If, g is an increasing function of , and f has a local maximum o

a, then the conclusion that gf has a local maximum at a follows easily.,

without calculus.

We use similar reasoning minimum.

Use Theorem-5-5a to locate and classify all extrema of the function

f t x k sin X(1 cos x)

on the closed interval Y[-n,g)'. On what intervals is the graph of- the

function flexed: downWard? upward?

) m sin x(1

,008 x ÷ cos

S X
sin 2x

1) (cos x -+ 1)

7sin x - 2 sin 2x = -Sin x(1 1,A cos x)

Since cos(- and fl(+
3
11) = 0 ,

_maximum_va1ue or f pn [-, ] and'

The graph of f is lexed upward can the intervals

-where :Cos xo 7 -and xo 1o2 approximatety.n

-x
0'

0) and (x

we obtain

flexed downward on the intervals

251
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as a

minimum value.

and :.(0,x0
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p

1 you

8#1:x

r cos s-3E

,0 if. .coe.x = , x = -2n7r ,
.1._

__wine fl(x) 0 py Theorem -4 the funet en
on apy neighporhood of x == 2tut -,. n an integer, end Ilene has'. no

.

extrema.

n'intval

;4-kdeve

= 0.; then sin x x

in the -,interval- (0a) x .ha sollutionY2 y

no:,thctrema in the open interva 0 see

no toljAion con id g(x).=

= sect x - 1

an x

hence

ten x e x,

0. fo 7.

for all x. in

of the positive x -axis is
and (4,7) greatest? Y

See_ glare at right: tan a
_and tan p 7 so that

(,0,1
1-

==It
that

"Cieht to find x so

is a minimum or that



'5-5

tan(a t 0) is a Migiumm (see No. 4).

4(x2 ex
-1)tan(cc p) -

(4x = x - 21)2

F(x) 0 if x

If x' is. i he interval (0 - 3) then F(A) , 0 , aud if x iti

greater tan v' -3 then :16 a mitlimumThkth, tElp,,, 4-

if x 147 - 3 , by Wleoreth --, 46 It t,11-=Q. (hat Lke-;,' angle ..a,i,hac,.1 by
,..

th6 points (0,3) and (4,7/ 1 L jet iL Lnt jVV1iL , - j .

9. quppose that ft(a) - ,) 1

Determine whether .t(s) is s t_,,,MLIM an.1 it 16, 1,1,11

(pint: consider separately the cas_s n evsn'and n odd.)

LCt

(1)

f

(II) wnti.sver , 1,

(111) wIACIA,,AtC IV

1), A ci)

The

W, C,.1AA=JAAAJ, VV V

IVILOk.4 ,e1 ,

A.

0:1,11, 1

VVl

j0-141116 f, ;

Prow- Li

Assume 'LILL-At 1 1

a
s'ya)

is not entii'ely ir I

arM ;

, .

Z) (.11-e
)

. k41



5-5
tc

Since a g D and p c D there 10 at lembl_ )

x < t < xb ohtphe aegment which 16 ht..,,t i I ns

Y
t
°L f(t) >.0 . It 'follow.= eoutfilulty Lt.o t Ec t..c, ttaJt11. t.4, --11

41

1. x t where

.cat the grapt, of t la,,11, y

X U A4: t - V L ,

(4'

Theol'em ) (a) 11 1.

LLi 1__ I,- 64 , t

teT(t) We hErte, ;,, ,

Uuernative IOOI

Conpider p 1.4 ,t1
D , the set poin,

f

= E-

, ,I1%4 I k

11.

fl

1,4444- .44

,
, -ttete

tAg,

_yr-04.Jc,

, , t 1,



4

Proof.

(alqa)-

)
ii

Let a be anyofixed point in . Equations (Jr chords through

and q,f(q) , for other points q / a In 1,411 be of the #

A 1 M g(x)
0- A

By DefinYtion 5.5, the gr

Lai
4 q a

1. La i 1. i 0,,,, ,,,,,,.,-.1.1 ,,,,IJ IL

for all p between a aud f==.

or q < < .

p

f(p) g(p)

then

j. t, , ,

1 i

1

noe enu,
qt")

ti,cn f(p)

41

fc..0 r,

P a 4

_ .

..2 IL

t

,

0

4.p) a(P)



5-5

12*

-o that

for all x In I in pal

LLEL 2

P b

441Lh Lke

L,L 21

a.ippabe that
L .

LC}

I

1

t,
C 1.t fr.1



are both decreat5ing ors. 1 . 61

*(a) itrollOwo

fi(a) > 0(L)

L.' 1 .

UULAycl't,C,y, 1

61-4Aph of r rA, ci 6, GI

PrO0r, roc

we 110

r

.0 Lc

is Ult.:.

theli

Ocko ik )



2-2

14.

Alternative Proof. If f is convex on (a a) r' is weakly

decreasing on (a,b) by resuLts or Fiumbi 11(L inc6

twice differentiable on C(A) = v u,

weakly increasing on

Let X mild y p, .

function f . tht 8 1:u.nt ih ± tha .

.x.f(x)) and y,l(y) -L

coordina _

fol oom,

11.1. r AB

1

e p m.e
i4 ,441y IL.



5-5

we require that f is convex on I , and 1.L..¼ th

graph of f /is flexed upword, ttfeu, ') 7,1 QII ,:11U1',10

lie above their corresponding ur

ea 4- (1 , d)t1/41) 1/41

This equation, t, i j1/440, 1

taken to oe conve, wILL 11. 1/4 ,.,. 1, 1) Li",

graph of ID r1,,,1 1,

1..)e kb) t

flexed upw4rd.

1,1

f kex

6,

1/41/41,

1/4111,

a-)

2



5-5

or lb Q L,4e Jet- _t,

this fact a

ye obtain the deaired're

Derive the following pi.ope
f la flexed downwaq on arim
b in I and any pos1tive

e(klat2
p

era

In words, the function
weighted average of the

We have r,,t

for .

but

Ven z f.., .4.

Laken a(J,,,e,

I thei, .11 poll.ta

1_1

avn c



To prove necessity, use

and set p = q = 1 .

To prove sufficiency we

for all

(1) thaL

me 61' mph

etatablished In Exe4,1.es ,-7,

thta. ir f 16 ,,,,,o.nuou6 ma

2

Doubling ale mew,

.11

)

5-5



provided le-r
b-a

, It f @1iC1ws Lt

At the same time

lef(a) + (1

Wz riavc

Ckl yen any e

eitucklJ.

10=1

)t.( i))

We have ext,,,1-1 E.

all

16, 11 IfkL)

E)I.L. Li ,,01
b

al

1

).or

e late.

1..L4)11,

Let



Under what circumstances will the graph of a flute

both be flexed downward?' One flexed downward and t
Answer this question botU with and without calculus

3-7

and its inverse
er upward?

Without calculu Let [a,11] be eui v uu -
if

the Ktaph of f, on Ta,b] is flexed upward the ulle,Ae

Of (a,f(4) formed by the ray to ei,f( W1Lh Lti ay g ing vertically

upward. Reflection 111 the line y t,At=,,4 ta, wit. 1.,y 1141.. u .My

going cyrizoataLly to the Ight A 4 A. htA I

If the angle was acute (r luel 1-e)

first quadrant below t1 1 tt,.

the reflected graph lie, i s 4 h, ,aolCu4 a 0

argument can be made alg A

where g is tue

1 ihe

The aatl.,



5 -5

F

19.
L ,

th- LIU-ter
by v erel matip I

b

. z, , ,u Lrate



(ii

XY" el."( -= A

Lhen Lt

If gm « 1

,A1QW

L .<.e

S,111 t1C-1

aaLd

upwa4

1,-A

...

a
=

)

)



Let a be three points in i such that s c. b c and

suppose t that the graph of f is flexed upward in I . Show that

f(b) f(s) t a r(c)
c a

(Hint: use the result of Numb 0

1-fence, andw that

f(s) C

In If to 14(0 (LA

number line here

0 : 0 < e< 1 . Th.,

(a

c a

fl

/1 k

LtLe.

b
b

it r

= a
f( )

t.

L1

L- )

1C (.11

O)d for

5ALL.11,..1.},

that

fo

let rile:

by the

.t
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Show by.a.pbunter example that. the result '

open interval. '

The graph of, f : x---,-
1
- is lexed upward on 0,x , x_

but is unbounded. However, f is always, bounded below on a finite

opeWinterval as well as finite closed 'interval, as carvbe seen frore,,-

.0

the- proOf of (b).

Zf the graph of f is flexed upward in an °pea interval, show t.ia
f continuous in the interval.

Let a be s9 me point in an` open in
1 .

continuous at

lim f(40

x-a

I V6 wish to show f

i_s no`t an,endpoint of I and thus there exists some d such

that' Va -.d, a -1- d.] is contained in I . We first _note that as a

cOnse_uence-o 22(a),

for b

Statement about

(b
/
f(b and 11

c-

_ an interval I and a<b<cZ This is a
4

f(a))he-slopes of the 'chords connecting

(c)) on the graph of illustrated-in the
7

figure b The_prbof Ti; contained in the solutio&to Number 11



.slope AB C slope'AC < slope BC

A using :these inequalities we have

d

The sae

So

inequality follows f
f(a)

a
< k , k constant, i

x < a .

feted 2d-neighb shoed

When - Ed < - I < kelx

--and by the Squeezd Theorem, as - al

and lm

Show by a counter- ax ample

a aimed interval.

The. graph -of,

he re4ul in (a) idriot valid for

is flexed upward but i nO continuous at x-= 0 it is not

continuous on [6,1:I-.



he graph of .flexed upward in an interval, -,then f podsesses
eft andright-sided derivatives at each interior point of the interval.
ee Exercises 4-2a, NO9)

We are ,given a- function

upward.' ski- to show that

n int rval its graph flexed

x-
.0

exist, wham

We -again use

is an interior poi

is an increasing function on

Since is in the interior of I , there exist points. a and b in

I such that a < a< b x such that

have

4
a ) g(x < g(b)

% a and a < x < b_

[8,0) and (a,b) , g is a bounded Anctone function. We wish to

show that this implies the existence of left and right-hand limits of

i.e.,

and

g_

g+

limes
f( x) - -f(a)

lim

x a

r(0--
X - cr

These limits are just the left and right -sided derivativ

respect' sly. We now prOve their,existence.

.,.We show g ,b4pUAed and monotone on

at a

[a,a) implies a limit et a . The

argument for g on (a,b] is very similar. To prove our assertipn, we

use the concept of least upper bound (1.u.b.) discussed in A ehd1x

1-5. We claim that

1.u.b in



.the limit Of g(a)

6ember of the set g

than g must be constant

r bound of Ghe

since g' is increasing, 0

it a memo of the set, say g

and the limit -of g(x)

t is7.

lim

TO5-6.

lim g = .u.b g(x x

x-a÷

a!ned Extreme Value Problems-.

-Oblems-with constraints-involve two or more-variables-and-

Or more functions-of these variables. One of the functions is to be maximized

Or minimized: the other(s) to old fixed, thus imposing restrictions or

A
-denstraint'On the variables.

7 4'

The work in this'sectiony _upposee familiarity with implicitlTdefined e

functions and their derivatives (Sections 4-8, A5).

Examples have been selected to illustrate techniques that are generally

applicable as well as methods appropriate for only certain types problems.

Obviously, there a- many ways to attack an extremum problem with constraints

(e.g. .Exercises b and 5-4c).

uree_line as the intersection of two planes; a curve in a

ction of a surface and a plane; and a curve in space as

xy pine, tenhe triple
---,-

region D Con equentlyl,
A

seated by d surface.

Lon given by = f(x) is an..in ervalv_then_

resent points in 2-space over the interval D

_efines a function with domain D region in

xa,z) 1,epresent points in 3-space over the

e relation. z = -2(yY) may, in general, bp_repre_7_

We may describe this surface in a way iich does not require a 3-dimen,

% atonal sKetdh. F w observe that for any value of z , say
u

z,.. , the-
,

relation Z,
u

ribes a curve which is the intersection of the

v .

surface, z = f(x,y) _e plane z = zo .
Then, we obtain a set of such

curves ia,..,taking various values of z . These curves, called level

-,

%curves or contouir lines, provide a descriptionof the surface -,

270



For thOeircular paraboloid given by. z =
12 25 6

,curves corresponding
1

, and

2 2
Y) . x y

are shown in Figure_

x,y). = 0 in which the -z absent.

e aot6that the equation g( _.0 compose nv.restrictipn on z and

hence a_. takes,. all _real.vaiues lin a 3-dime onal frames of renced

A The relation ex,y) =70 `ia' rpEresented by a cylindrical surface. In Exam le

can as a surface5-6a, the relation: g(x,Y) 16y '- 12x - 75 = 0

called a 'paraboiii cylinder._4: The name derives frora the feet that for eacheared

real value of z e plane-

in a paraboIa.

The parabolic. cylInder

. .

meets the surface

y)

zo. intersects the cylindrical

- 16y 12x - 75 = 0

f(xly) x2. +y
2

alOng a curve in.apa,ce. In the -xtreme 4-aiue

low points of thi a-:curve: The tee possille extrema are the points

) 12
2 1

S

pfoblem we lottipe the high and

(

the low point is

) and ( - /

657)
, respeatively, Clearly,EIN r

5 12
- where z

a

For a given vo
tin ra with ama

_

V find the limensions of a cylindrical
est Iburface area.

4.

_ dv 2 dh
_ = nrh

da dr dr

MIA -2h
o that -- =

Ao dr r 1

Surface area, a 2itrh + Pgr

ads

dr

a 2
s

01). da -dh
21( + 2gr +

dr 1 dr

111

is zero if h = 2r

dh
is 12s if h 2r.dr 2-

Hence by Theorem 5-5a the surface area is minimum i h 2r , where

1/3 _ , V 3
and h F 2k--)

g
271



V-,.
(b). lf,the:COst of the sides, tp, and bottom-of-the can is a cents

,

Per.:0V 4Teiinch, and if- cost ók the bead joining the top and

rnOttem the aide is- b cents per linear'incil, find the-most:-
.. =ecoeom cal dimensions of the can ,.fOr agiven volume V

;Let coat C

C .= 2a +:r
2

) Irb;Yr

ah
D 6 = 2i .(r

_

h + 2r) + kbn
dr

2(-ah 2ar b since_

equeti n

:55a

-e moat econo heor

.6

A cylindriscaU
Let ihk
The. adde ± th;
doLlara,per Abuti
ReA, qquare
%he coat of mate6

tank witt-Ot
rc =tie tank,-andAe:,
s, to he colo-xbruetep 'fv2otii-Afack c; z

oot acid, he bald fr `stoelt

s7,,he ..radkup an I-leis:Tit, of

1 in" he tank4 ,a,minintitzee

ire 7baue

g

Ion air:

rid hei wpfe:14 eb

= (



5-6

realistically, euppose'that-,the baba ha ' .-. cut from a
aquere of .flide, 2r .' Find the dimeniions yie nithum `cost,:including the cost Or,materiai trinned away.

g

Find the radius and- h
cone of _grpatest_ volume h: c
be made frOm a circular sheet' of
-radius r; by -cutting a-
the cent d bending the tuna
portion tom a cone.. it%

Let R denote the radius, of bares
o

of cone and h -the heiglIV.- Sfacc,
2 .2h a constant,;

I
v

3

dv._ 2
dh,.

dv
dh

so tha

dR
dh

2h2)

ci7v 31, 2R h 1411)
d

Maximum volume is obtained

h

if
and



A point r P- e et e .dlstahce'. the center C o± a .sphere of

radius _r.:, where h > r A: cane is' -constructed having P for vertex,

end for 'base:the -formed by 'cutting the sphere with a .,plane perpen

dicular.'to pC order to have the; olume of the cone as great as

_passible,. should this plane be above or below C ?; HoW far?

'Appose he Plane is -above C I yo move the Plane toward C the

height of .the cone and the, area the base will each "increase so

no Max4tami- Arbltim.. redched.

Therefore the:place at C or

below C Let ciepote the
_ . .

the cone -h x the

altitude, where' x denotes the
.

distenge-frolithe center 'Crto-the

ba.16-,-of the_.:cone.__Then

t110.vn

Si
.

e

It

2R(h

ollciws t

zero if,

Since

dx

x

2
d-v -271 (

2 3
dx

if
-11

0 --
dx

dv ff,r

dx

dR
2x and --

dx

2

- 2xh ar2)

-h + + 3r
X

3-

1) by Theorem 5-5a, the

where the plane is below C

The' cone is

ca

he di ancp from C to the piss

274



CO net A of th a end..

thu orring _triangle ABC
0e0 be formed irk, this .

de is out off.square'at one.end'. A.
ded-Overtbth-dOppaite side at

ind,the area of the smalleet triangle-that

Let AB

Then BD 8 - x

x

DA', = 41/X - by the Pythagorean Theorem

AC
2x

AfC by eimilat,triangles DAFB and C'CA' .

- 4

2

Area df Triangle ABC f(x)

f'(x
2(x - 4

lc-77

is zero if x
16

16
>X7) and hence.

_, \

ia minimum

value. The area of the smallest triangle

I6) 128V7is
3 9

he general e

Find the point Q
P' not on L is a

n of a straight line L be given in theiferm

x by c .

on L for which the distance to a given point

minimum. Prove thatthe line joining P to Q

is perpendicular to L .

ixid point and

P to

x,y) be ;the point on

and this quantity is minimized.

differentiating with re4pectto x

.275

minim ye have, on
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4by = d have

v)Y1--==

2) 1) weeb

a(yv) = b (x u)

he line PQ is perpendicular to- -Se ing

e- nbtai. for -the coordiriateV-

On t cave C given by..)..f (x,y) = C let Q be the point neare-

t©e ppirit P not-on the.cUrve. If Q is not an endpoint of -C
and all riecessary derivatives exist, provethat the line joining

P to a . is rmrpendicular_to C.. ,

Let P Y (u,v). dente the given point. 7 (.

and s the distance from P to Q . We have

If s is

differenti

2
s =

minimum and (

ing with respect

2(x u) v)y' = 0

is not en endpoint. Of. C then on

have

The $10P of the line PQ is then

y v 1

x - u T

Since the product of the slope of PQ and the slspe y' of C

71 , we have established perpendicularity.

Find.-the e
:.2 2

- 12x y = - y +-51 0 -Gi

y if x and y are. subject tin the constraint

Diff entiatillS

Let 2)1"

eemetric taerpretation,

y
2

with _respect to x we obtain 2x 4-

A

From the coz trai1it cdndition, we also have



2
- 12x-* y oy +51 = we obtai

folloWingmaximum and minimum points (6 4. 3 1 34 ?1/1-1
13 13

)

(6 11 4-A-- J--2.13%
) Thus e extreme values of x y

2 2

13 13 ,

2 14x2
x (.2-;d7 1)

9
Geometrically, we-note that we are

maximizingthe,square of,the distance between the origin and the

curve x - 12x y ay 51-= 0

Alternatively, we first note- that the constraint condition is

x and'y lie, on the circle (x 6)2.+ (y - 4)2 = 1,, -(aenter

rad us 1). Since x + -y

and the origin, we have to

the distance between the point

ind the closest and farthest points_

of the given circle to the origin. These are the points-,- P and 'Q

on tYfe line connecting the center to the Origin

--

ThUs, he extreme valu4s-c4' x' + y are

[OC t or 16'7772'

2,77

/ 0
2 1-173 t



constant

Ad4ume the maxim zing V

= ei

are given by

s-a-maximum.

This latter problem has been solved previously ( action 1-1 ) and, cnnie-

quently, .x1 = x2 . by the same argument: we con e that x1 =
s

-1
?= X4 , etc.; hence, x1 = x = x .

n p

C5-7. Tangent and- Normal Lines.

The postponeMente
deliberate. ,'Wit

PrmPertie's of ,tangent
,

mate functional values.

Miscellaneous Exercises, Numbers 1-

to this section of the discussion of tangeht

Law of the Mean as a basi, we are now ready

ustifylines and the use of their equations-

lines.was-

to exploit'

to approXi7

e pertinent tq this section and,

mar be Assigned at any time the discussion of Number 3 ipclueles'general co

--sideratioNof VIO-.number of!tangent,lines that can' be (iron xom giVe&

to a given conic section.

lutins Exercises 54

ShOW-that the-number of tangent lines that can be drawn from- he-point-----
, .

0
(h,k) to the curve y = x" is two, one, or zero, according to whether

n
k than h2 , -equal -to, 11" , or greater than h" , respectively,



,y ) he a. point of tangency 0n N h djuation
0 0 /

tne e through theipoint (x y )- with slope,,
0' 0 e

,

=

li'e! ine oining, the pOin is given bys

o k
(x x_

-0
---0

ation tl 2) describe the same, line if the slopes are equal;

than

or

YO k 0 k
x0..= h

This oguati'dn Das solutions

x h 1/77k.

If

two

line.

k there are two solutions and hendt two points of tangency, i

angent lines. If k = h-
2 there is exactly one - solution, ,.one tangent

If k h2
, there are no so utions and' hence' no tangent line as

specified.

.Interpreted geometrically, thi- theorem states that

1.1). no tangent line'to y . x21 passes through the convex region

Y x
2

;

through any point on y , only one tangent line

can be drawn, namely, the tangent through that point; -

irough any poWt "ext,ertorn to the parabola,

the 'Tegion y < x
2

tangent lines to the paiabo

n

be drawn.

279-



'Find equations- tor the tangent anti normal llnea-to he'graphe o

'f011owinkiN nenetIo-at the given- points.

Normal line at x = 0

ft
Tangent linetat x

-7= ft

IfOrmal line at y v -x + .

(0 X2)3

TP-Pge ne at x = -1 : y . xi:

t
Normal line at x -1

t

Tangentlin6-at x . : c

Normal line, x * ._



and the-hyperb

'2 '

P.

obtain equations 121"thelines tangent at (a,b)

symm6trical .form like that of Example 5 -7b ,for

*For the ellipse - 1 the tangent line a

equation
0

ax b- a b'
+,

2 aN 2
p q

For the hyperbola, the line tangent at (a,b) given \b

ax by a- b
2

,p q /7) q

(b) For the same two curves, obtain equations for the normal lines at

(a,b ),_on each curve in an analogous farm.

For the, ellipse,abe normal line~ at

b_ y

2
q

For t (e-hyperbola,.

b av 1 '1
b _.

2 2
Pt q, p

4.

is given by

281
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7

that the lina tan en --o le- -71, at on
m+ets.the:ird e.a- nO%Other pOint.''

2 2 _-

y.
0. 2

- 2h + = since a-P-Pith = This- equat n has hut.'
, . - - .

etoluti On-;----1-=-13--i-=&ince- he -ddscrimtnan -i&-zeio-. ThereforeT-4he- --.-
2

tangent. line ax by =.;ry meet.a the ciicie in Only Ona'Toint (a70

4t

Shc;w:t1latth&gr4h OfIlth4 fintctiOns rf and It where f : x 6x2:- and.

E. 4x3 * 2'have& common tarigentaine at the po ht !(1-,6). Sketch
- the graph.

We need to show that for x = 1



6. If f.: # bx
`graph of f at)=the Point

:
the points-

'1_ show :that the tangent line to ,the
is par-91101 to thi,-chord`joining
only in 41 n2

The tangent lihe at- ,

r(ra)) 4ncie (n)

f(p)) had slope f'(p) r the chord joining
,f(n)-

has slope ;The ,ehord end the
. =

tangent .will be parallel of1,13.-"afytheir slopes are equal, only if _

7. Gi3ien-therellipse bx2 + a2y2 b,2

curve but not on either axis: 'Prove that
ellipse passes ticrough heIcirigin, then the

2 2
b-x

2 2
/7-'

The `normal at P(x

he:no
ellipse

raint P on the--
et. P to the

is a- eirZle

0

xoy Y0

2 7 2
a b

has tion

If the normal at P PEW-80$ througr:

satisfies the above equation so that

b

origin then

or

whence the o

1 1

2
a

b2

al equation is

0

a circle.

x y



Commak one

e art -eated -in the Atie wice diffQrehtliibi at some.
. . . . '- -

7 . I. :mint .= -ver;. w' only know= valne_of 't:' at, some poi
--, a:, closp :to _, a -s, .a.. We estimate the error in, =

-
by ty'use. cif .'.1_aw o... the Ne

'
1 _g the Iaw of.the-

twice -we have

and

a

Then

Since

a) If'

Now, if

for A :close to

_ maximum_(peak,), if'
nearly second order in a -

very small
In that case,

a , the rrOr in approximating f(i) i s sra=11-:

-----,:e-Stimatea. for.. =gin ,e°. , andAa_an applicatio _sunuoet we are _torabta
sin 5- Suppose the ,angles are measured to within +

-sin 89 lies. between

Then the ertor in 'estimating- _.a9?

=sin from he ,given measurements is mush less for the former sfnee,

f' (89°) 2..0 To illustrate numerically ,

sin 89.5_ = 9:y
sin 88 5° . 999660-

.

.09585 ,

cos 4. .078 46

sin 89.5° - sin 88.5' .0003o

in 5.5° - ..01739

experimentally determined value obta.inad for

I sin 83.5° and- sin 89.-5°

, so .±,hat the

The error in estimating
estimating sin 5

sin 89° is less than h the e ror.ip



1 to y sin x byc the t_

where =- a lieg between.'-0 and

COs u ,-ocosO = cos u - 1 y

Lv,3,1ea,betweez2 Cr and u Combining the

sin.x 4, x coo 1114--x(1 - ursin v)

n x = xi" bin v

k.n owing that < v < it* x and I
sin-v

imate.of the type inthe text, namely, s=

sin xi <

b Shaw ' tha- at :east third order in

in xi .< rix13,

where c

.14a carry thelargur.en, of

first line above,

step

cellent approximation:

hods of. this section with the megtho
klmbers 15 and 16.

sting queStion is the relative precision Eit the two

estimation. The error in approkirnation to f(x) for x in`

bounded above by e = (x p)cq"-'p where M2 `i is or

( x )1 on (p,q) . The er or in the tangent apilroximati

x - a)2_ where

terval between; a . and

_- bounded ,1iy

is an- upper bound for. Ifn(x )I in the



d

Inuthe

XiMati:on, use i3... and t e saute bound ,on e.deri-Va-
.

.

4vetC obta1 * Thus in ependen ly.-of whiQ Ofr the apprexiria-
tiop to . -nr-3, , in e the tangea approx Thation gi. e 'stared informa-

,

Lion about irr..0 ethis en e. b
r.

I, b interpolation
tangent method,, = 1 '.Use

I ro?cimatfon'to
= (I.003)" ,- by the

1 . Then

o we that :the- gent metho

1.2 ,

offers improvement in precision.

'A Similar analysis applies in .Exercises 5,13 , Number 16 . Here the dif
culty the linear interpolatiew method i's the choice of a point (1
where cps 'q is known 'end is close- enough to and for th.
.purposes of Precise approximation.

El. show how to approximate 2 and esti

e)shall ox ma e the graph 'of
_n hate

e the errdr of app.

2.,The equation_

the. absolute e

given by

he tangent, line through 2)

:(x 2n)'+ 2

1
Y -=

of this value as an approximation for f (2n +



5-7

an upper bound

-
is decreasing and. positive id so we have-the bound

heloaat.ion-o -ob t-at_timelit
lay -of motion

,.

-fat. line de given b

s =5 Sin 3 - 3 sin 5t .
Once it begins when does the p icle' first reach a stop? Hoy/ fail is
it theit from the eterting poiht A

ds 15 cosdt

s'3 sin 5t

- 19, cos 5t

15(cos 5t - cos sv

4 + t) cos(4t-1

-15(-2 sin 4t sig_t)

= 30 sin 4t-sin t

a Only if sin 4t 0

stop after 'the particle has -begun, i.e.,

5A .in --

gent line- the folin Be

'36cqr =

. Note pa Vsal rly the situation at the p
4

fi (Note that' tangent line the curve

287



+ Y0

We observei moreoveri. that vertical tangents
dxNoccur when

- y2 0among the points- (x,y) on the graph where
!..

%ion is . sati5fied at the polnts ,(0,0) and %-y2a) At

the expression for y' is no define n.ac
. _ ..

curve ossem
m , m

.

self at (0,0) ana does not have __gent.therx in the,cusual
s-a.'

nse)

in a sense:clarifled bypirametric representa-.
,...----

. -

does - have two.tangen

tion Chapter-,11).

.-ThesitUation an be .analyzed, in the pi-esent context. in th4follOwirla Way.

If a curve has'a tangent.(nonvertical) at the origin, then'. its, slbpe is

For definiteness take' 0 (for- a..< 0 , the curve is the

i'erieation in the origin of 'x3 4 y3 -.3 1 a xy 0 and thepithlem.is

essentially the same). We separate off one of e branches of the curve

...Ili a neighborn 0, by restricting 1
1 < Ixl-

IA C.IxI we

4

see that

x y

ti

-Dor x

3a
illx1

4 max
4

liM f and the curve has 'a ,horizOntel tangent at ( 0,0)

x0
the sytmetry,!.we see that it aloo lias a v rticaftangent.

.

%

It remains to b'e proved that the =nditions' .F(x,y) = 0 qind lyl .< lx1
really define `y as a function of x , For this, use the techniques 'Of

0ectiOn-4=8. Tamely, fbr a P1x0 x E/'wher E , -defing-

ey)4. F( y y..--At'73aty

The derivative



'(y
constant sign for Y *.< a

[-a-417 afTr] Now, have

"'eat

Y. -

hence gcy is S ro1giy to one

,

2(16(1

F(-a E (E[1 - ] + a

that.g_. takes opposite_signsatthese-

, stall 1E1 We donclude, that there is

E( 1) '
.

wo points, -for sufficiently

unique v-alue... ri for which

14. Find the equatiorf of the tangent/ 11,ne to th
2

at the point (4,1) .

3 1

tht. point (4,1) ;

n by

2 1

1/p

graph :of 'the_ equation

6

that slope is

-try - 5x +.12 = 0

TheYtangent line at (4,1 ) is

of Graph.

on provides a fitting conclusion to the chapter: the student

is given 'eportunity to examine local and globs. l properties of a function

and theh

upon an

toy . ermine her the points should be connected ., points (d,O) and

/
;(13,,O) Miscell eous Exercises, No. 5(c),

k

intervals where the graph is wild; we can find familiar 'Curves which serve as

adequate models for tle required graph over certain intervals. The model may

`be -a straight line, as in the case of asymptotes, or graph-of the familiarkfunc-
k

tion x x-

size his findings in a sketch of the gr ph. he work here draws

is gepmetryas well as the cslculns and unAfies both. Given ,

_ts (conveniently located) on a cUrve,we now are in a p sition

Furthermore, we can isolate

The discussion of Miscellaneous Exercise; Number 5 in the Teacher's

ComAntary provides a guide'for for sket,pthi!ng graphs of relations defined by .



ional expressios.

We leave the selection bfLexerc ses to you. A wide variety (-In .terms of

'level of difficulty;"degree of abstraction,-depth of insight required) is

proVided, butthis'is not intended to suggesttha one assignment should

comprise the entire rAnge of varri.a.tion.

Solutio ercises 5-8'

4,

1. l=aw the aph.of 1 -: x.-- 4x 5x - 50

McamPle 5-

fA I

1)3(. _ 2)
_

2
20(x ) ( - 5)

N4 5 5Me graph is flexed. doWnw for x and flexed. upward: -for x ).T

-1) is a local maximum, and is a local minimum. T(-1 ) = 11

f(0) . 0 , A --454
-232 .

. 5 y

200

-3

y 2
x3 -.50x7 - 40x



ate the point'of inflection on the graph of f

) px6tan x
,

We have
2(1

1

,. since, f"(1
t-2

changes sign

as x .increases thrb h the value tow that (1 ) `a

nt of inflect

_3: termine e
the graph of

y

ions of the horizontal 'vertical "ifthp o of

X '4
7 + y there Y

It folloWs that the line x = -1

lit y = lim y = 1 , whence the line
xN-m

0
lim- e lim

is a verticle asymptote.

y =l

AlSo

a horitontal asymptote...,

x
2y 3x,4- 2 = 0 .

V

3; -
We, have, lim y lim y 0 -whence the line _y 0

c.Nu xco 0

is a horizontal asymptote. Also lim - 0 , whence the

kNO 3,x

line x . 0 is a vertical asymptote. (See also Solutions ei-

laneous Exercises, No.
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Find horizontal and vertical asymptOtes -imb., a. and in potion...
poirp-Show all tests uaed. to identify each such int, the -

kaph of,theTtirictlom _.
. . 2

(a) 2-79 (b) : x /;- _x2Ix + 1 - . - x, 4- 1
, ..,Par part (a) and (bi-iefer to Soi.utions Miscells-neous Rxerci4d Number

x 4- 1

t

+:1)
- 0. and ' 1 0 , by Theorem 5-5a,

maxim point. Simila.41y, (-1, - t) -is -.6. minimum Poi

Definition - (-,3 ,- ''.\y 7 , and (_ 3, 4----) are points of inflection'.
The i-axis is a horizb e,l asymptote since

n

is aSince

f(x) = 0 em also

x

2

+ 1.
ox

292





By Theore 0,0) i$ a minimum point-. nts of In

3 1 ,-)/I ik

3
,7) end --- , r) ,,by,Definition 5-b, mc lip, ,:,

3 "4
1

axe

,is a horizontal asymptote, since lim f(x) - iii i ( 1

. I

x(..1

nY

y



X =) 

fl Y-7 

v 

Lao-v-1 

x > 0 .zo,1 paxais we 0 > x aoS - 



X cos x + 2 cos x

ros2x + 2 to x

x(co x

+ 1 ) &Ob )

ir9

Mb,_,o, I tukut,

i41 hi ILULI L -..

1'i-1111.o i 1L 1

1

(

;/.aidli 1,,

for 01 A in t
1el-11,11,1-u

(

4

78

A



5-8

,Dipcuss symmetry, in asymptotes, ex t In ervals of flexure,
and'aketch,the graph.

x -
f(X)

R- 71 to SolutIono

2(x -

x

1"(x

Horizontal

Vertical .

1i

0)



(2,0) Th e1, a cusp a

positive values

Draw tile Kl.aph ,, ..
cs k.U1,,A V c.:=. 5 .--1.

asymTtotes, If an I.,cat-e. ., , :
tilt_ Et,f int..,r-'

acct! On Of the cur, thio 1,11:: cl ,t., LI.. .,,,ne w,a 01i1S'i

One extremum and locate id cl,_ is pOi

A-4

G ace Lhe

of ayallut,

u.

et na

and

iSo.

mptote.

11,cs



1

ShO tmo t the f A _
ox

or mihifila regardless of ,the values

If - 0 ,

Thuo,

a*QapLote at

InereaSing

greater than

N,

graph lb a 6t1_

th.,,t ,.

exy dy ax ol e

the graph for tzle bc

d

or

(aobl_11

r-
a

11- no m

C

tG Irtbult lb vali
5£

t a.



10. Prove that
2 2 i.2.curve y (4 _ 4x

y - n :61st

y' 0111

y" C COE,

We u

in _

,-61n A

5 -8

Ltie

7



A

Prove that if a curve is-dlfferentiahle and flexed dewnw d fn,an:

interval, the curve lies Id-wily under it-s..tengent line: tilts.

interval..

Let of ye differ- iable and flexed downw_ on [a,b]

in (a,h) the tangent line at (u f(u

vt.

We are

y = f'(u

.}*

to prove that

y x .in

vin by

e z. te
A

a

Ginca f is fles.ad a
.f' f' (, 11

5 -5 and 7)--.4tt

a ae.i

4

rul10-.
since

j. it Lk..)

n if ani
comparing

a

(')
Len

_ the Mears.

then

> I '(-) Theorems .

I-

of

incr asing, by Theorem

.fne UreIIl

(x) y < M : It

e line at X a

t. want values of
k1, koY Give sketches



eft

5 -8

- t h to srsph oV f can htVe. Q I of

1 hflection.221V2LxN CI (we 'assume
N

Yor odd, f6(x)

changes sign at zero and theref:are (0,0)
,

F:or n even, f"(x) > 0 for all x ma (0,0) not

Is a voint,

Wlection po_

12, Iro,: a ,1,1,,,hal

Fu

_J

--n II ..--
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S 

alt 

gps1,90 ,pm T.07 TTnT 
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X 4
4

3
2

g(x) Appr9ximatts o L-. 1, I

small (i.e., for 6(-.)

g(x) has an upper uou"i t,

does not take on all vaiu,

,

X i Li L )(AL

I I 2) ,,,ry

In uast 1 SL, g



o' Case &-

First eoqpider a= 0 and

and

yor both of teem. wiw!

1W11. a a a

wilLe t

between th'ese

(-/th a.,1A .1

Ii

re

b

Sz a . 0 ,

11, , um right. or

11(=, kh, 1-Il Uvth

I C

1,,7.1.0Ative of

apt-1

go0



Here , A)

(211/51.14d,...0

and

1

(. )

1uA min IA In

; ,8

k . PL

L



SuL, ,

hiy





becomea very large, becomes arbitrarily close, to

As x 'a ,.. r(x) becomes, arbitrarily large. As x

the slope of ,the slant asymptote is, lim 7 1

at, or. the function

the
lila I x1

x
existe although the graph has no linear asymptot

a

-1 + x 21/7c 11

x . k

f(x)

xrp

any linear .asymptote would have to be of the form N:;'+ b But,

for all b b)

ciently

ride` bin

For

is arbitrarily large for x

- b (1. +x-
is unb ouff de d .

307

= -b - 1 + J , which is



5

Solutions Miscellaneous EXercises'

Show here are two
which pasd through the pa;

nee © _e g ap_

4,1) . Find their equations'.

Let (x0,y0) be a point o tangency. Each lit; angentt0 the curve

y at the point (x0,y0) has slope 3(x0 - 1)2 Each line through the'

x0,y0)

- 4

oly0) and (4,1) hhs slope Thus
x0 7 1

points

yo 1

2'
`whence xo a. 1 or xo (singe, y0 m x03 + 3x0). The line-

y = 1 is tangent at the point (1,1 ) and the line 4y - 243x 968 = 0

11
is tangent at the point --

Show that the'tangent line to the-conic section

ax
2 + 2bxy + cy + 2dx + 2ey + C tz 0

at a point (X0,y0) on the curve has the equation:

ax0
-x + bCy
0-
x + x0 y).+ cy0

y 4- d(x
0
+ x):+ e(y0 + y

At the ;oint on the conic, the slope of the tangent line is

ax
0

+ by
o

+ d

Y--_b xo +cyo + e

For the tangent line at the point -07510)

Thus the equation op the tangent line at

axx + b(xy0 + x0y) cyy0 + d(x +
_

using, 2bx y
0 0

2
-+ e_cyo

(x0,y0) is

+4e(y'+ y0) 0



For what points _ (h,lc) can one. d

no tangent line to the graph of
.

a +,3xy y - a a > 0
!

2 -2 2 r
t xY + 3y ka > 0) 7

1/7 +W.= > 0) -7

Interpret geometrically.

To find the equation of -a ent

line1from a point (h,k) to the

curve_ F (x,y) = G `we.- solve the

siintataneous equations

(2) F(p,q) = 0 *

(NQte that (1) merely states that the slope of the-1inejetining points

11,0 and (Ica) is equal to 1TW slope of the curve at-

To find
dx,

implicitly.

(P0))

F(x,y) =(:) , it is generally essier.to differentiatek,

If we now eliminate either p

variable will be a quadratic. The condition for two, one, or zero-tan-

gents will correspond to the condition for 2 real and unequal roots,

2 equal roots, or no real- roots, respectively. This condition is

satisfieaby setting the discriminant greater than, equal to, or less

than; zero, respectively.

or q , the resulting equation in the other

Geometrically, the solution is easier once We recognize the curve. The

curve----

0
ax

2 + bxy + cy + dx + dy + f =0

is a conic section.

0 1,

0_, the .curve is a hyperbola,_

4ac 0 , the curve is.a parabola,
_

2
b - 4ac < 0 , the curve is an ellipse.

(There can be degenerate cases of these, e.g., the hyperbola case can

include' 2 intersecting straight lines, the elliptic case can include
2 2

a single point x + y = 0)).

309
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For ansy point,

there will be

For any point

tRere will be

(p,q) on the curve (that is', a

exactly one tangent line to the curve.

in the shaded region (i.e.,, a
2

- p
2
+ 3pci+q2

no tangent lineg to the curve.

For any other points (that

be two tangent lines to the curve.

p
2

+ 3pq
2%

q ) > 0 ) there will-

Note the geometric interpretation agrees with results ob maned,
%

algebraically by using the discriminant, a (p + 3pq, q
2

) 0

The point (0,0) iespecial in that the tangent lines to the curve

which Pa6s through -(0;0) -Afe-really asymptotes which-are-given-by---

y
2=mx , where m + 3m + 1 = 0 .

310



For a point (p,q)- on the curve (i.e.,
3p2 pg. 3g2 -a2 co'

There will he exact1Si one tangent -line. :For a point- (-p,g)

the curve (i.e:, 3pe? -1=.pq
3(12

a
0)

there' will be no'tangent lines to the curve For a point putside
2 2. 2- '

the 4.curve (where 3p pq 3g a 0)

e'will be two tangent.lines to.the curve. Again
2 2 a23p- -1-,pq 3g - a

curve -here is p

x

corresponds to the diseriminant.

on of alparabols whose axis is the line"

(0,a)

311



For, any point inside the cross - hatched region, thpre are

lines to the cnrve.

For any point such that '-

lines to the curve..

For any other.point-(i all points

quadrants and the points ,0

-there is._ one tangent line to the ;curve.

,,there'are twee range

t dn the conditions would be

or

47 AT ..o

>.o

o, one, and zero tangents' respectively.

Also in general if we have a smooth closed convex curve, :then there
. _

bp -two., one, or zero tangent linPs from a point, according to

the point beltng outside, on, or inside the curve,-respectively.
. , .

Determine equations of the 'horizontal and vertical agymtot-

the graph Of

xy-
2

4y D.

Not- Refer to the discussion of Mize llaneoua Exeroises,- Number 5.
e

The svaph'has the asymptote x = 0 for both large positive and

negative _y
4y

since lim 2
+co y - 1

0 and lim 0)

y- y --1

It has the horizontal asymptote y = 1 to the right.(since-

lim
y

. .) and to the left (since lim 24-1-

y-1+ - 1 y71_ y - 1

-------------- ontal asymptote . y = -1

lim
_it y

(Pee No. 5)

and to the

312

tt (since lim
_ y--1-_y. 1



(x) cos x

The graph of f has the vertical asymptote x e 0 for both large

positive and negative ®y alspy:the horizontal` asymptote' y =a()

to the right and to the left.

313
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his problem we. do not attempt to consider each of

tie possible cases: p even or odd;m>n>p,m<a<p, etc
b .c , etc. We are content to obtain a great deal of information

about the graph of a rational function (and, thereafter, a relation) with

---Miniftia-effeart. "In general, we examine the behavior of.the-graph-fOr

in the neighborhood of a b c , respectively, and for lare

(crossesIn-particular, we consider the points where the curve "touches"

or is tangent to) the x-axis, horizontal asymptotes:(to the right and

to.the l'eft), and vertical asymptotes (above and/or below).

COnsider the case: even, n even, m > n

Zeros Off: We set.x-a10. The point (a 0 on the

curve. Since m is eveni.fkxj does not change sign in Wneighbor-
:.,

hood_ofi a,;_thus the graph of 7f is tangent to the x7exis,at a

(If: m were odd, the graph would cross theiraxis at

Vertical asymptote: Set

asymptote since

The line x b is a vertical

a

Behavior for 12a2 hcl : For large

x m-n
= x

x
'n

(a

1x1 approxima

Thus the graph of f approximates the graph of

= m n 7 0) (for large lx1



Sketch of graph1 'or the left bi'an ch r the curves (x f b)

locate the minimum point by finding the zero of the derivative.

The minimum-is at
mb -
-= =-

. m n

n even, m.>
y

b I

-

Case 2.

Consider the case: b m even, n odd, m

Zeros, of f : See. case 1.

Vertical asymptote) The line x b is a vertical ym ot above

and below. since

lim_ co and lim 0.
_

( - b) b)

,Behavior for larg! I x I : For large Ix' y approximates

xm 1
n7m

(n > 0) The x-axis a horizontal asymptote to
xn_ .

the right and to the left. Since the curve is tangent to the x-axis

at x a , it must have at least one minimum point for x < a .r
na

The mint= point -is at x -
m

315
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Consider the case: a 3 b, m odd, n even;

The portion of the graph for x > a in. part (- case 4, is the .

2
graph of- y (the solid curve

317



Thenfrom thi graph Of y 'we obtain (by approximating the square
.

oat of ordinateg) -the reggiked:graph.of W (thf dotted. durve).

d, thereafter, by reflection in the x-axis, the required graph.

urve As ett c with reppec

Let a > b c.

We observe. that for m 1. n p even , m n > p the

is like that in (a) , case:1. The line

above for each branch of the 'curve (Since m n p afe even).

Again, the curve is tangent, to the x-axis at -x = a , and in

addition, at x b . For large 'xi the curve, approximates ,the-

graph of x .xa where a -= ".1): - 0

ituat on

x m c is an asymptote



For even, p odd, rn t n > p , the left br
ie rOlected,'3_n the x- axis.'..



:In general,.

eti he -line

n = p 'appreximateatheline y . ;.

= 1 is ,a horizontal asympt te If n

h x is is &horizontal asympto

As in part (b)-we -may use he'results (in reapectiVe cases

to obtain the graph of .y ,and thereafter the.'-graph of

Finally, by the ';graph of bri in the X-axis, obtain

the reqUired gr

In past SMSG writers' conferences i
number of writers on a team is 28

spent in discussionnetwaen Members
AseumingthatAn.a group of

,pant is engaged in writing 40 ( 1 - ('
'2/--

week,hours Pdreek, deterrnina.,.!
7

has been!observe&thatlwhan, the
-dr greater, a...I14'the available time is
of the groUp, 'so' that no writing gp

x writers (28.7 x > 1) each partici-

the Size of the,teaM which maximizes the total number of hours the grodp.
,

spent writing. .(praW 'Your own conclusions about he team. which Wrote this

book).

_tal number: Of tnurs Orked'by_the.te
..

lere= It --A

independent o

fl(x) = 0

Then

given,by

--4ok

,

the number of weeks

4 - 728. 0

172

+ 416 + 873§

Since-wda interested in an integral.SPlOtipm since

1 116 2432 < 17 , we consider 7 By Oproll

to Theorem 5-2b, since 1(0) -= f(28) = and'71.(16). > f(17) >0 ,- a. team

of 16 members, s the most efficient

A picture W.71.'aet high is placed on a.wall with its' Lase b feet above

thdf,leve 0f th-tobserver's eye., If he stands x feet from the wall,

verity that i$6angle.of vision- -0 subtended -by the pictUre%is-given-by-
.

.arncot

of the
uld stand

Show 'that to gel: he "b
of vision, the boserver

the

away

largest angle
from'the'wall,





x
ance 95'4" a= arcco

h + b

b
6

=
X

'

-
and a arceot

0 = arcbot - areco

We have

were D0 le zero if

bh(h +

o
By Theorem

x-Aibh+b

0

Let ABC be a right
f AB s h 4 the length
DeterMine X so that the Angle
of trangle ABC is 0_ mAAlmum.'

A

-

'and A

wen oe by appisihg

0,tylangDe AIL

5-M

AR pe me length
Le AD 1 L[ Gn m side BC

o gem, th moliar Ond the !ip,Otentise

1)



follows that

. 2_2
Cig 4x 4x +-5x h h

2
2x (xh2 8x3Y

dx'
0 (4

5x2h2 114)3/2
X4

, 4
zero i .16x 0x h2 4h

4 4
= 5h + ldx-h

2
lbx

By Theorem 2-4c the angle 0 i a wa.iiiik,

x
h

The-loc ion of an object on a - aluu Ilhe at uime is given by the
formula

8 A
4

Show that :hie :object moves for=ward initially, when A is positive, but
ultimately retreats. Show Ethic, thrlt different valueo of A the /'

.maximum possible distal,._,_

dS

dt
1 A

4
)(

The object moves fo wb,LJ

The object i'etreatu

value of A the

A

A
4

A`

4(1 A
4

A)

2(1 +A

is a maximum value

10. A man standing at try, ,o,.
1 2:

point 7 (41 the w.ny,

plans to run Llic...0ne:'eun,.

qtraight to his destinatioh
feet per seQond, how fa

ri )

1
t _ 1 bro 1. 7

ni.,141 4 I.c

dt Ao p,611,1vc.

A
foi

2(1

A4)

rea,A1 a

tie. He

.ui 11.. waive

,=c) feet pel aeupnd vend run
uu 11+1 diviug 1u7



Let v reprpsent the distance the

map 0.4ncr'-u 4.the disTtance «e

runs: - Otal distance v

t requlred given

.

V

20

Let r represent the rediuo 01 Liic

pool. Then

2
A

-

and

= 0) ,

=

DItfe Ayl t

whence

ww

Sinue, 46
al t+ w .

Ltrg a.

dO

zu

)



Au. A conical cup with radius _ , height h is filled with water. Find

the radius R of the sphere which displaces the largest volume of water
when jammed into the cup.

There hre three cases to corgi

Case 1. The sphere is completely submerged in t

the largest displacement occurs (see figure bciuw) Mheti

or

Cao

es h

1 cSc 6

For this case,



ase The sphere is sitting on the cone. In this case,

> hisec t9 tan e .

Set H as Lim hei61.,

water. Then

whence

Using Lim tw,

H and height= I-1

we hilve

Thus, for maximul.

above, since

I L.



H R - R2-1/t,a78

to maximize make R s small as possible h tan 0)

Consequently, the volume V is greater in Case than in Case 3.
0

now compare the volume for -:

Let V_
I

andLet

Then,

where

-

Ch s .

represent the .

V -
A

1. tai,

sec 0 4- tall

(Wher,e 1.Q11 e 01,

Thus

Alba,

in the

b11

(sec

326

f H ,

1.0npetAlvely.



4;111 tan e
see / +

4gh37
Vi

2
4

So for maximum volume,

+ CSC

h'

4'

see + tan e

0 =3

r t h
r

2



A1-1

Teacher's Commentary

Appendix 1

THE BEAL MMUS

We treat the real numbers axis matic Ily a 15hCI

summary of their properties. The gOel I_Ali review evemJpment

of the already familiar properties of the real numb vs from a set of exiome-

1. Verify:
(a) that thq.- natural 'Loma.

division:

Consider,

((

Treat the rat1_,,

It is buff1QI,1 (,

s!401 L1,,.. 0, -1 t 1

Undel

not L:Ommuta or

(

(14



A1-1,

2. Prove: For any real number a = a

Every element has an additive inverse, and the sum of these is equal

to zero -. Take the element -a .

Then,

and

a t,

By field properties:

a ( -a)) + 0

3. Prove: For any real number (-1

(-1)a k 1

OT

Hence (-1)a i8 the auultive iwa_r e ol

Prove;

Frew do.

5. Pi,v.. Ft

rove; Fr e,
a - 0

SupUtle k

50 a -

If a 0 , ab 0

may also equalzero

vi

11 1.j ab

...Lilly IL



.7. Ve

4.

y that the numbers

constitute a field.

a + B

2

Al- 2

,gem a and b are rational num rs,

This follows -ediately om Number 1 (b).

Solu tJol

Prove: For any real number a :

(a) if a > 0 , then 0 > -a .

(b) if 0 > h , then -a > 0 .

a+

a > 0

-Otk
-a

Pro)7e: For uny real :s

than a c b t d

Since - L

Thar f

Addlad

1",-JA .,

611g1,-+LM

6

6,

Also 6 > a .1.

b A HeLice,



lye numbers a and b a > b if and only if

't

' Sup ose a > b

Hence, from 4 (_ ), (-b

2
suppose b > a- . Since b

-a > 0 , it fol10- -m 4

Then > -a

Prove: For any aIgCLotitm

>,b if and only if a > iE

and -b and

a

-a arp positive

. CoverSely,

-b > 0 , and

b - -a > b

and any paIL.1,. -13111-

,--,

Suppose a
,
> L . NOW, lt = b Lt,e11 a

hence _ or oo, o461.21 e ir .,a >,0
. 1

,teen _ implies ubot by 4(a) . a = 0 is

impossible, since b was assumd pvsl Ne. If

-a > 0.. So, again b, 4( ) a ,-- A5 m a

But by Problem, , it -a

Thn8 we see T..PiF

u

a <Q Sa

a -

a

Finally, 1.t

fro, )

in all

11

1,1

-1) < /(-1) or

--,- a , then either a >--p'S

, .111,e - 'Z 0 ,

(
Finally, if

ik hell

If

fiance

11 , = a I1,c11

1,0. L a

ibus,



a > b > 0 and c >d> 0, then -ac >bd

a > b and c > 0 waio.!_ac.

b> 0 andf:ic-Z>.d be > bd .

ence, ac > bd , by tr an itivity.

& 'Prove: POT any realntImbere a and b 1i

both a> 6 a b> 0 crit_-_ a

9.

By trichotomy either:

and if b 0

then ab

Con rad 'tion.

Bo, 1 f a> 0, then b

FrOve: For any/

U w 11
a

La

d
a

IA ,,, an

If bd ,

Hence, a(

10. Show that for
I 1

a b

If A b 14..

ab
Thu. .( ) , ( --)

ab db

I L

)

. ,ak.L1,1

A1-2



11. Prove that the complex numbers form a field C and that there can be
no order relation on C .

The proof that the complex numbers form afield is quite routine, with

the possible exception.of the existence-vf the Multiplicative inverse.'

Thia,proceedsas, fallow. iL u hi / 0 wc wish to find a complex
.

1
so that 4 'Ia. +.111.)z - i i Quid write z.

hi

ncP4ben:r4timnaiize, a bi a - bi
Since 'a

+ b

a bl, .

z .. 0 '5
,-

a + br '4' + b . .

a b
Li)( -,.=

", )- 1
-

L b a + _

We a
:obtain 4

. e--)1

a.'' t bt. f L m t a + b

' ,-, 2
', ,.,,: ,. -. ,I''-* facts that have been

.2
, a + b

yroxed for the ordering on ti rea; JLL wo"ld held for any ordseed

This lat,c,,,adse wo?t' La.. LI Lne field ,and order

axioms 14pne, nol on arQ . ,12b r reai.hUMber6; Thus, in

any ordered IIIJ a 01, )5Q if 11,,e complex numbers were

.;prdered I,, ,i,.,4 ,. . 1 OU -1 > 0 ,

.
:i2

R110, 1 , .- ,,, 1-111u, I I , 1: ) L'-) k+.) t, the adcrftin,''law.

39 u - 1
. t, .f 51.14,adj 4,,.... --= 0 Thus the trichgt-

0my law- 16 ,.L'11,11 ()cu. ,al.w. LLF2,t___, all Lc L10 Jilder relation qn,the -. :

,OMplaA

rational Ub
of R. _ Show 1iLt

a

Firs:11; we h,.

F,JIL If a

C /Is
1 .

d - b

- . S aI.i 0 are
L1A1 --U-te a ? is a sUbaet'

is -la, r4e1,,, J I t2ht, rulatl,h anere

L

12 rational Su, lt,t', a .2 atisfies the

1riChOtOmy Jaw, 211lie , LeLoL.J law rOr the real



=,4

A1-2

400ers. We have a - C - äI a - bV7 < c Qr

c dIrg In the first twt) cases we have, by dafinitian, that: A e

,:0,+1)1/7 b , or a bl./7 c ." But 11 a - -

then by our remark at the beginning a - u atid b - d 044,

a + -1)-vT = c .Thus, a + dJT a L t 4,4

a A- hiP7 di . But, . + ,04=4J

a.==one of these relations. i t
1

be satisfied, since then by defirilLt LIP g.,A
-S. A

abl//7 < c , and this wsuld 1,fL.a4..1 1-L L4-1L,

Aatisfies trichotomy on the ,1 fc4a10 .4.41a44y,

. ,d

C $12 , a c and b then a _4 44- d and again

this is the brnly relation

1

Transitive Law. ',this foll

o atisfies translave 1.w.

Addition Law I

t hlid ci itcrl L c,4 fLe t.

a , LJP f

for

So, (

( 6, /

-

but t.i.e6 a
, 1

a )

dliukft, LI. L

-p

t

M2-1-11A.

We assume

a triT > ! - (.,/,, Ly , .

15_, Lhe mu1t11,..t.,). ,

th.
I , ) , - )

and (.. .1,2),

Thus, Lail i LA,, )

So, aq + ?Th'u..)

,

1

F 1 )

.

(0b

I, (00 ,

.,).':

, A ,',--1) A

(

k
1

But (aq +'2t).0.) + (as t 4,44144/7L (J .T) 4



q + s + slq lE = -I--d 2 )(q -it_ sue) us w -ii_

I.. .

For positive numpers and b , show that .thaar
is not less,thanthe geometric mean which h Urn" veater

or equal' to the harmonic mean:

a-4- b 2
Yab '--

does equality hold in this relation?'

-Since the w3 -numbers in the inequality

to show that .

positive, it cuffs

> b >

,a b
13y part: ( k -b and s implies

which proses the second part on multiplying by

equality hada if and onkir, if a = b .

A

Find all values of x for which

ax ax,* c > 0 7

Discuss all possible cases,

1
14> ab

-

a b.) .

ab . thhe sign bf.,

f(x) s ax + 2bx + c . From Intermediate Mathema

n thatihe graph of f is a parabola which crosses the x-cis

-b + 7g7 (if the roots.are real) and has- its highest

T30



Al -2 . V.

,west oint a - There a es, es cQrrespnnai ng to .

0 , a < 0 and b2 - ac 0,ba- and b 2 mac > 0

Contiider the dee° for e: >u0 .

2II re. 0 salt x

o

Fpr a < 0 , the parabola opens downward and we op ain slightly different
results:
Alternatively,

X C = [(x
ac -

a 2a

The results for each of the six cases follow directly from, this form.
a

337.
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16. Observe-

x + b
2 n

umber 15, -to prove the Gaud

n.
fa

n 1"
?Ifb

11 2

and only if: ar e kbr 0

n and k some constant. _

for all values of x- then

+ b +
n

a x a_2 b +
n

2 2
kb + b +

1

umber 15 With

ai2 + a2 2 + an

a2 b2
+. +an b

2 2
b + b + + b

2 n
the desired. inequality follows from

the condition that b- ac 0 , To have equality,

or

(aix +1

F

0 1 ,

ar -= kb-r

338
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are pOsitive nuMbe

Equivalently,

+ a_ + + an
>

it

1 I

fa
1, 2

n.

18. Pr ve the general triangle inequality:

2
+

2 2 ir-TTx + y
r

..+ y2 + 0 yng

Squaring both sides and simplifying; we noneed to prove

_y + xny
1 1 4 2

+ x
2

y y
2

-I- ... Y
n 1

+ x
n- n
y )

The preceding inequality follouS directly from by Inequality.

339



Absolute Value 'andValue ,

In Section A2-1- ( ootnote), we define a as This definiticin

emphaviiing-the-poSitImity-of=the-squareotIt_lSlt__-__

helps to prevent- the error' of writing g - a in case a- < 0 . This

error . leads to -the amusing "proof "

thus

We note that the

manipulation (e.g.,

requires careful, inspection).

.lends itself, more= tonvenient1S7, to mathematital

ereises 5-21), 110 -11, the expression for f' (x)

Solutions Exerci es 7A1z3

Find the absolute value of the following numbers.

2. (a) For what real numbers x does

0

-X I

x < 0

For what real numbers x does 11 - x = e , l ?

x > 1

31-w



Either.. x 2-> 0 or x + 2 < 0-,

then X t '2 -(x + x

Thus there are iio solu ions:

Therei; e- no aolutiona

=1+ 1 3 +x1 There are no uolut

FOr .what values of.x -16 each of the following t
-answer in terms of inequalities satisfied by x

(h)

1(x - 2) ( - 3)1

ix 11 1 x 31

x = 0

x < 0

< x < 3

5 x < 7

x < 1 or x>5
1 < x < 2

/ < x < 2 or

X < 1 or x.. >4

x > 2

1
x -

3)41 NiN)



Sketch the graphs of the following equations:
IYI

For y > 0 , they
x - y or x y

line AD

For x > y. < 0 then

x- 1 y Qr:: x Y

line BC

.For, x < 1 , 0 , then
-x 1 - y 7 1 or
X' y line CD .

For x < 1' y p>.0 , then
-x + 1 + y 1 or
y x line DA .

342
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tb 2

Al-

IlliPMMENIP E 1-11
MMEMMINIMEMillNE E
NIMINTIMPI MMMOM ran NE

Resolves

± 1 and
where I < 1 and ly1 < 1

nto 4 parts :

y 1

y= ix7li lx 1

For x < 1 ,'then y

For 1 < x then

For x > 3 then y

3

4

x < 1 then y -4x ÷- 12

1< x 3 , then y

4 , then y7 4

;For - 4 <.cx then y 4x -n12.

..

343
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Show that if a b 0 then

0 -b~sPaa

Trius, show that for positive numbers a and b the condition

ab
min(a,b) is satisfied by Fi

+ b

+-b-- a,b_ up.x(a,b)..

2
_

FrO'6: Th all a,b that

iai(e,b) a + b + la -1.)

min (a

hoqt, 1- generality, that a > b ,

,b ) m (a b a - b)
P

) b = (a + b -p))'

Show that

From Number

x(a,b) + max (e,d b d + 1)

b d) t,( a b + + d la + e

;(a,b) mast a c b d)

max Ca

The result follow

17.( a b c d 1(a b) (c - d) I

once.

345



by mi and aim 1- y for max.

prove that

'Deno

1 <.e:< a .

-e

<

Then,
b b
k -r

n

< b ar all r. Adding,

a b ÷ a b ÷ a bk a k 2 k

AFactoring ,and dividing, we obtain

b
k-a

b a_
21 -k

a + a, a
k < 1

b b ak - 1

In he. sate way the remaining inequality may b obtained.

346



3

fo n

Prove directly f om the
if ..e < x < 6 en

x e

roper of order
Conversely if

0 <,x ixl x<
But -e < x mA o_ < e Se,

Conversely, auppOse

< 0 <')C < e thu,s

If 0 < x

-c < X < . Similarly or x < 0 .

.1(

Prove that if x is an element of an ordered field andc;:if

lxi < e for all positive values e the x & 0 ,
.

If x 0 take e = Ixl W then have the contradictory'

statements Ix' lxl and 1x1 < lx1

14. prove that lab' 1 1

I b I

Just.consider the three cases

ab > 0 , ab = 0 , ab <,0

3L7



'Under, hai condition@ do the equality nignkhold for

I a7 b 541 1b1 7

Equality' occurs nj_y if

< x k 1 , w c

x to obtain x2 < x

x -< Band no on Use

a -v. 0 .

ultib1y both sides of tte inequality x

'fie can show that x3 < x2 ,

his result to show that if 0 < lx < 1 ,

then . 4"
<31x1

1

ix 2x1

(1x21 lx12

I I 1-Lc:1 =

1x1 since 0 < lx1 <

18. Pre the Zollo ne inequalities

(a) x 4,, 2 x >0 .

348







Prove for positive a a& b where,21

To avoid I-, let a

or

a 2

2
1,1T3,.

Both of,- theae

BY way of example we bhow ,ne Lnc ,

Use absolute °value -
(a) The point x 16 1002

1x 21

The pol..k

In _t 0
that x is L. Lk

(b) -1,5)

5.9,6.11

-2

(rn

.ca, z .L )61,,

7w I. AkIt 4 .

Cn 6



Find the interval or deleted interval to which alloalues of x must

belong for each of the following:

41
(a) Ix 21 <1

4,4

(b) O<Jc42l<l

(c) lx al

(d) 0 .< + <

A1-4

it

8.toLed

4 44
.'! , :so

4. (a) A set of Ant. L, .reun1br
A such that' 51,-,1 A fu. 61.1 me m_ ,., r. ,f tht net. Wh ch of -4

th intervals in Numbei are b01,Ihde1 h, L .re ,.,..t? Prove your'
-._- -A

asserAonsa

They are uil L

4

(a) and OIL
a

lie 111 LtIc

(C) and (d), t=telu,

Ix

he..

a

4

all mem. 4 .
, lu

x m f... 1

It Le I t.."1. 1. It t 11 nC EL p4tr v.. a lowe. 4
bu,,nd? 11 4 t 1. t I uppar
boudd? P . 6,6 6 6, L. 6-6

but la ut

IL n

- we^timi

tui .11

ie en U6

I I.

L . 1 "
J,

4
L

. I .

'- M

ciIj M
A.



A1-4

5. For each or the following sta_
which the statement is true.

(a) x2 - - 6 > 0

(1)

1,toi give vi lutervals

Or (X 3)(X = U u1Lki., "

be greater, or bOtl. L14-AiA

(1)

(2)
(3)

yiLI w

dil ick,

01.1.1,y fa .1

Ulic fa,-Lor i.

AA, =.511.414 .1

Li

A

U-



6. In each of the following, for the given value
of a where the given inequality

12x 31 <7

(b) a ,
= lain x'- 11

(d)

1

)

)

4 )

We h,

1

1

1

30

A1-4
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A1-5.

TC A1-7, Completeness of the Real Number atem. The lei tt,11..,, Axiom;

The oumplateness of the real it

Separation Axiom, We note that t

be disjoint; e.g.,

A -

Uniquc oopftraLlon

oeparation numba, a may

The compi

rigorous develupmenc. -J 1,5 ,b1 J cA,,, L
4

upon the Separation axiom beca"da g lie ,z,JIALent it

oyot,tu 1-

A and b 1.111Aht 14,t1,

. nc

-Interval Th.orem

are all lOglCUlly

have IA.

1, 1.. t., 1,4t

ti ,,

LlAc, pitp,11, A. L,

ttl

al e-=

0.1.=..1

Ant,b.

1 tabb



Ai-5

2. Prove-Corollary 2 to, the Least Uppeli buiU FrilA,:lple. A _ r0, o : Lulabere,

which iii'bounded.below Was a eteatestiower bouud.

For the proof of Corol1r;y lek A

let B be the et of lower b-eha., Art. 0,L

ao the set or ite upper touLce, t p D)

bourla M or A 1. 6J,-- L., M

or A

It

Af A

L.
"1.

A Lee



Al-5

Prove for every real number a that Alere is,_an integer n greater
than a Principle of Archimede

P

Suppose there were Flo integer greeter. Linn . olnoe the

integers wduld have an upper bound a Llicy have e least

upper bound M The number M
2

,0k.1d t b 0.11 upper hound

Meonsequsntly tLQ4e 1,, an lot.Q6Q,' m 7since M is least.

Than n 1 M

and least upper b

.Proye gives

1

41 P

At -4 .

d ihe
uo ciL2c1

where is WI and

the number

1 , '02

0 I0
lo

.411,,w that th pr
real number.

f()

17,

L144,

1

1L1Leg

ar. 11elt6 Jad

L , tuaque

b



A (b Given a re
recursiVe

nuMber r we define its decimal representation

terma of the integer part function [x] as folio

= ]
0

[r

= [10n c , ----
10 10

2 -1)
1J -1

lOn

v tbat t e inequality In pai-t (m) is, ..Lldficd £ w 15 ut,,,I.c

c '-. Show also that decimals consistind entirely of 9Is from some

,

,point on are avoided. (11w- obLQIL, 2-

2 © 1.999 ',..

A1-5

Since « - 1

(1) 1Q-



4

NOw, let us suppose that r can be represented do

infinite string of 9Is

r = d d_d
0' -1 P-1

where we may without lobs of generbiity 0P1

with an

tL0L, slther p 0

or d 9 (i.e., that the 1.00t de,liatA piUcc , +I,ei'e e !.) does not

appear, there i6 any, to t, Ln lhe nutu

p .1 1

Take d - ? rut. P(=, Je4k

LA
P and r lie beL.lc,11

that 0 =

a unique Aeu1...1

by mcans ,1 Ll,

1

Lh- ,CLL In )

1

ca aa1 .z

oallOryi

%.r' eel 1e, 1

mal ,;onoistu o

A ,

-0 10

Thus

t.

10'

C .4.11val

m t, both

LuLlon gi n aL, ,e yields

.,1 I

tr,e cierirlitloit or

d P y

at ,..Joality holob on

plc. c.ntstion then the

durae

all

Li.: Ll, t positive

1110

11 " 1 tie p dig1L6.



Let

Then

where

and

r =
0

e_ . c- "" c_

T, @ E._r =

101

+

1 0 10:
2p+ci _31D +ci

0P 1

_g
= 10 (c_

0 - .L01) (u

ILLer rcp_e000l

with common ratio maw.

10q

!II 1.:

Fro_
"te aztn"e,

cr,., 16

)

11

7 0 7

7

t



_pare this procedure with the "long

42.121
711.000000

30

28.

20
14

'76

5k

49,.

1

dIVIOluld" proQ00:

Note that we .Lop L.ed

wouid get a _4-- Ji f we oere to .ontinue

In genalui 1N at.,a,.1 V ma ib ,apeco...4 Vince

there are .1.1, a 11,1, C ..JItike 11.-waindex-s,

The algument 1 k, 31 J 0 1i 1gfi thm which

MUok it 1 . 1111,1dt.

,
pL1,, hi Let

1.. 11. Lt

1.,

Jr



whence

< + 1
k m k

o
k

< a

Consequently, on dividing ioh

and the remainder 1-k ® l'

.k
IQ 5 are ,CM144,1v,ly

by m can only

follow hat

m must be

we now proVe that the a §w _ , MA

peM od p -1

=

1
1 tA

Al-

for r it



Prove for every, positive prime a her than` 2 and- 5 the
,exists en integer, 411of Whose digits Are ones, for which a

i.e., a 1.0 a fia.ctor of some numi5er of the forril''

n-1 n-2
10 10 4- 10 ... 10 + 1 .

Let a be the_given prime. We can lir e (r1,: part

1.

(lam - r'÷
a 10(1g - 1)

op 1) - 10(1ov - 1) .

Oince a neither 2 nor 5 it ,follows that.C6;id.e fS or

If

- 1 =. 9(10P-1 10 4 7,0- 4

; then a must be a rector of the expression in paren-

3. then a is ia1 ©r or 10 10,-4 1 . In'thesis.,
either qase the reeult,is'proved.

Consider a polynomial with ihLegef eoef iehts:
n 11-1

t a
_ 4 0

IX tto a

Lhen i lb u raet.n. aria q 1a a faoto

eve tha

-Lowest -tee,

pkLyx100!.

A

If E Iu a of t,.e I... 1 y 4.t

tC1

n

a E-
11 n /, 1 n-1

It folaya
Since I, aLa

.

p is a faetbi LL iii a a LDCLOr

1,,

o)

43

net



By the prepedlng result the onlyjebneeiv a le a tionalsroo,

and -1 and netther iu et.

.Prove that if 147 is rational then is intmal.

A,rationai root

n , since q

0 met b.

(1) Prove that 47 - VLi 2oI

Set a a. /17 -

whre

and

L1.14,11

1041

de,

al a obe ya t 6epa.L

LEA, A

p

gm. a ssear,te, A

supp,

s -p -aJ

Sgilsring we -o,11' tairr





There is one more case; f8r every c , there exist r:C E A , E

such that pe - a e c hut for no -, -0 does a 7 We

find pairs of-nuilhers
n/

such that. p

an P2

g =,1 ,the.e.exist- (a1",01X1..kstiab tliat

=ii , there e (a2,02) such, that

02 )40Ki . or P2 < a2 > al ,and _02

,) (a2,02):-Itg desired. .If.eithe

01,,:say a' - -12= and the4air

a1,02) 'satisfy taw condition. At every step, such .a

made, end 'so the pairs (an,pn) exist.

NOw,by the Nes

all [an,011)

> ail a EL-

ipay the forme:

/

large enough,

Principlei there is some a contained in,-

separates A and -B . Else, either_

or s < all p and s < e a ,

_ > t > 0
;
for all A.. wit ar n

. 'So Pn < 0, s-- and' s is not in
n, n

[an,pn]
. Similarly for' s

for A and B

o -s is a ationnnmber

Prove that an ordered fldi.in which the Least Upper Bound Principle holds

also Obeys the Separation Axiom.

sae two sets, A and B , for which every member of. A is less than or

equal to each member of B py the Least Upper Bound Principle, there.
*

exists a least upper bound s for A. much that s' a t A and

b any other upper-bound for A . In particular, ls-<b

since each member of B is an upper bound far- A . So s is a'scp1Fa=
.

holds.tipn number for A and B and the Separation Axle

4



Appendix 2

AND THEIR RERRESENTATIONS

ary

Ran ions .

_

. .

ons whose domains _-,and ranges Ife subsets of real numbers U

called "real 'value functions of real 'Arariable." In Chapter 11 we, talk

about- vector valued furictions of a real variable. In Chapter 14 we sball

cuss sequences of real numbers, i.e., real vtlued'functapris

variable: in the same shapter*we also have sequences of 'functions,
t7, ,

functions` -of an-integer variable.

of an 1,nteger

ISA

Example A211:1 the statement that the rhnge df the function x x
fr

is the set of nonnegative real.numbers is eqUivalenttO the statement that

every. Nsitive nuitiber p-' has a square This can .be proved in the fdllow-

ing way.- Bet A b nonnegative
. _

ers whose squares are less than

p . A .is not .emAty since '0.., is in iA . A s:bounded-above, say by p + 1 .

Thus, A has a leastqapper bound, (Sectidh Al We cannot have
c,-,

s < p for, if. h < 1 , then

+"1-0-- and s Aeo

is-,impossible, for if

2sh h-

,
s'

0
11(2 h)

0
< t' h(2s 1)

2

2p+ 3=

d not be an upper 'And for

*1;

p , and thus. s could not be the least upper bound of A .

-± 6- = k,

A



-

EETEltiA2 -1e. We can. define manor other:futctions.Whoqe-iNi4TS are con
2

tabled in the graph of x2 + y--- 25.; we need only assign each :tether

or xample for any -5.<*a < 5

25 = x2 x rational, lx -5

x
2

x irtational IX1 < 5

However, the examples in the text are distinguished by 'tile propeiTty that they

aye the only continuous functions definea on [-5f5] Whose' graphs '

rained. in the graph of x
2

+ y
2

25 4

Below are.given e a pies of associations -een elements of 70O sets.,

Declde whether each example may properly __resent a tunction. This;

requires' you to specify the domain and rang- or each function. Note

no particular variable has to be the domain variable, and also some o-f he

relations may give rise to several functions.

Note that answers supplied are not necessarily the only correct ones.

They'are, like the examples, merely samples of th _-ind of ideas that

are possible.

) Assi

This

ach nonnegative integer n the number 2n

s a. function with domain the set of nonnegative integers and

the set of odd integers not less than -7 .

Assign to each real-nusiber x the number 7.

A constant funct

set ipasisting o

Domain the set of real n bera,

one element, 7.

Assign'to the number 10 the real numbera y

Not a function.



::

d) Aseign.to e eh 'pair of d net ;loin a in the plane the 4istance

lAtween them.

functionA whose dome. i i :s the set of all pairs __.distinct pdint

in the plane and,whose range is the set of poeitive real numbers.

-3 (for all.

May represent a function (constant), whose domain the bet of
real numbers. The range is ,a3) @

40_!'

(f) x a.4 (for all ,y and

Not_e:i'unct in_if:_x is _considered the domain_ variable. It is p

function if the set of ordered pairs (y,z) is considered the dbmain

with y and z real numbers. The range is (4)

(g) 'y°

(h)

A function, domain = (x : x real ber)- and

range = (y : y = 2 - x) or-vice versa.

2
+ 3

A function, with domain the set of,ull real num1 a and

range = (y : y 7 ,3)

If y is taken as the domain variable, the range set must be

restricted, -to avoid ambiguity, and if the range is restricted to

reels, the domain may have to be restricted to real numberse> 3 .

y2 - 4 -= x

er

If an,elementof the domain, this equation does not define a

Ifunction-explicitly.: But x , and=

g : x y = 4 , x -4 , are functions whose an es are the

nonnegative and nonpositive real numbers, respectively. Also

h y x = y
2

4 y < -2 or y > 2 is a function whose range_

: -4)

367

74

8



Usually the

-4. X < 4) so

interval [-4x0] C

the calculus.

domain is restricted tothe set,

range will be real number4 s, here the

umbers are not used in this course

2 2
x- y -= 16

Ilis'eqUation does not represent a function exp1icitlySee part

(k).for one pesisibie function atained froWthis aquation.

;.)

(f)



t on ,g.A1:01- Ay a ined D the. table

Rtinge (tEr 5

c

write:an. guati6n with suitably retricted diptein that defines

= integer, and



.

eh 9f the fOlielying mappings represent-fUnOt.

and (d ) are

.

9 1

Given the lac ion -=-Iw x and t ix ....- . If x-

nuber, and 4 funQtle- W.1-y or her net?

-,m--

_ 'e NOT -the see ion,

is a

x = 0 is not in the domain of 6



Plven the functions f , x t 2 and g ---_
-

real, are .f and .g the, same function? Why or why not?
If

They are net the eeme funtlon, wince x = not in the do_ o

.but. -is in

tat number or nu1bere have the image .10 under the following

b

2x

2
X

ht x

x x - 4I

x Exl

. 14 , -6

10 < x <

pings?

ch of the following atatementa are alwas true for any function

ing that .and x2x_
1

and x, are ih the 'domain of f 2

= x2 , then,

/ x2 , then

If

If f(xl)

then x x
1 -2

, -then x

If f(x) = lx1 , which of the following

numbers x and t ?

f(x

(a) and are always true.

atements are true for all real

(b) add. (a true .statements.



Which- of.the following
neither even nor odd?

notions- are given which are odd, and which are

d f-t nether

nej.the

odd

neither

-even

13. Wk ich of the following graphs could represent mot on0

372'-



Sketch the graphs o

=

x

g x I f(x) I

(a

_



is ,defined by

0 for,

graph.

Sketch the_ of each function,., spegfying its domain anclrange..
In each case, the domain i.s the set of all rem rtrntere.

717

r
tinge: all nonnegativ

reals.

Range: all'ncnnegat ve reels.

Range: all nonpo6tive

reels
Range =- ty y < 1)



A2-1

Range: all tee

f x 1X1' IX - 11

Consider seRarately
the three possibilities=

1( 0 , 0 < x , and1/

© 1
Range = y=0'



A2-

Range Renge-,=

-Skett he'graphm Of the fun tone in Exer es 17 to 19
which-ae,periOdic, indicate heir period. -Indicate .tho

.

even or odd,

For hose rUnctione
e. functiOns which are-

F n _ion is EVEN.

40



x

ini111111111111111111AM
11111M1111111111111VANUES
1111M111111111111.111M10111

IIIIIMMINIUMFAIMIU
li11110111111111/11.1111I
111111111101111MFAMIN

11

18. a [ax

Emmummommi.
mmummumm

i
ismmmasammrmm-

immummsmompli
ANNUMM NMMInommiummummi.
IIIMEMEHUMMIAM
IMMENNIIMMUMUM

13) x ,5x
x.

7.1

3T(

::Periodic;

Note that
piece is

V

a

slOpe af ea

_L.



-i
= g(x) where _A(x) = x and

two periodic functions like f-pa;--t

ietions g and ,h- live periods 1 and 1 espectively;_hehce

is- periodic and ita period is the least common. integer

Multiple of 1. and `,'-716Na' is 1 ; e 2. 1
- 2 3 .

7 -1
general, if twO,ieriodie functions f 'and f have periods 'p1

and pn., tespectively
If

, p positive real:number if.there
2

,

exist integers n1--spd n2 such that. n p then f

Note

h(x)

Note also, that the slope of each pieca o the graph df. fa is
4

IIMILIMIIIIIIIIMENNITIMICHELIMMIIII M
NM II

rikillIMMIIIIIMMAIRIEMIIMEMEITIM 121
IIIIIIMMIIIIMMEMENIFAMIIMIMMIIIIIME
111W/IIIISTRANIIIIMMININDS.MENIVAM MOMEINIKAMOILIMMINIIMMILEVAMISIVANIIMMIU
111FIEFAMIPMWMICINNWAWAIIMMINNWAIMII
FAWBACIIIVAMEMEINEMINEMWM1111.11,101111M

Eriammunessiwinal smoimrimmram.
NA MENNIEMEIMENFAME1111111111111111MIE

11 111111101 111 111 11111U
IMEMEMEEM MI 0 1111 EERIE l NEE

In this case, f(x) = g(x) wnete g(x

h(x) = x-- Ix] . The periods of 'g and ,h

[x1/7

3
are -- and 1

respectively, and since these numbers are incommensurable,

f.= g h is not a periOdic fundtion. 'Note that the points.

discontinuity occur at the integers 6rillat integer multiples of

.TheThe aldpe of each piece of the graph of f is I A-

378



6

MU dictio al.ao called

the c side Unit ;Unction

and i6 ,designated by

H(x)

- 2)

X

( ) r. : :1-1( g)



sgn n x
2

x

20.. if f and g are periodic functions-Of uerioda rn and n , respecavely
(rn and 1, integers), show that f g , and f .g are also periodic:
Give exam: es to shout that the per4od of f g can either be greater or
less than bath of m and n . Repeat the same for the product f g
(Note:. The problem in the text lacks the condition "m and n
intiagers.") 49

integer mule pie of a' period i a1T o a pe giod
,-.

f g are periodic with itperiod ran . Howe this may o

damOntal period..



\ .;
fma obOo_se iqx .--- ain'ax peelod.2) and N S

hen And I: ig- hOth haVe pari-d- 4-
, -

riod' 3)

hoWever, we cho& e 11(x) =_Sin,(pe'riod 3) and

27tx -4- .-
,.. pi/I:itX:-#

3
(p6riod :6) ' then g Ilea period 2

. =
.

...: it riod 2) and .g(x) coe p (period 2 ), then

)r) g
sin 27rx

.
which hae period:1.

;-

Ca a function he both r_even -and o

t can yo

an even function by an _even function.

(2 ) an even flnction by an odd function?-

an -odd f`l..,tion by an odds fumotion?-

the product

;EMT:

ODD,

Show that , eve41-3:- runctia n -whose domain contain a --whenever it ;

contain; can be e preened as the.sum cif Fan ekt n lunctiorr
,
plus

f6

an odd Ration.
7

Find functiona ati
- equation

Suggesti :Use Nam1er

Let'
4 E

where E ie even and 8, IA -odd, Then

Using the given condition, e ve.

Hence, E

example,

= sec x ÷ tan x



AE-.

Alterneitively. Let -, f(0 ) -= 1 . or
_ _

nonzero' ftription for x > 0

T is construction -gives the entl

given functional egvlation. -1

2 3. Prove that n
unction.

'notions.)

and let be ax arb1trvy
1defipe = . 0"77c

e clash of 6nctions satin thp,

%.

.
periodkp-fuection other than'a constant can

ote: ta-rgional funet-ion is the ratio cif tw
rational

prop= ec

fz Q,
( -

the_ value of the functiOn

polynomial equation' kx)
x = + n

have at most d roots; we

'asSumption is_ Ailse.

e that there -exists' a rational function

which h s a period 'm 0 . Let A denote

st

Q(x
.

= a where Q(a) / 0 New cozsider the

= This polynomial- vanishes Tor-
Since'-a polymmiel of

get a contradiction,. and thu,7

TC A2-2, Corkpbsite Func_ gons.

In the' introduatien to' this section it is suggested that. the operat

cosi sition for functions has ne 'counterpart in the algebra of numbers. Ho - -:.in

4 ,. '-ever, -the set p(A) , consisting of s11 one-to-one truppinge of the .set .A ''',:_,.. _.

onto itself, 'with the operation of cbmposition 11.1.6-.the following properties

degree td: can
our initial -;

I

(we denote the inver

(1) ,- h k'(A) thte ,girk P(A)

e of 1' by, f -1
and the identity function by I ):

r
-,

1=)r . for all f ,

These

°,
= f for

f =
r

I foail

a E P(A.

-1
ll 6 P(Al .

are' the postaates for grOUPli Thus P(A) shares the same algebr-4c
structure with the positive _r.eals under mu atlon, with the reels under

addition, and many other familiar gr9ups.



and g(

17.

2) = 5

uda. of

x1- and g(x) m
2 fgec) and gf x

any,oare' --fg(x) g an gf(xi evil?

gf( = 4-P + 4x 4.1 .

when 2x 1 47c A- 4x or 2x- I°
,

0 , or
2

-2 .

each.Tlair of'functions f ands- g , find the composite

gf and specify the don in (and ra_ e Afpcissible) of

unctions
each.

g.

A

g 4
x
.

f x ; g : x

f : x x2 ; g x

,-2f : x.x ; :

f : x = ; g :



Given that

fg(x) 7 Ix +?1

x2 + 4x 4,-4 4- 6x

x -2

Note: The use o

3 gf(x )' if and only if

+ 5 4x 8 -4 6Ix

"if and only if; F c u_ res atw olu e value.
A ti, .

V

Alternative]. Solve x + 9m the set of posdrble solutions,

hen-'heck the result% in the igin euatioh.
_ .

0 whence

salve Problem 5 taking g(x ), JT77.7-

Olutiont.



f(x) 2x - 5

,

. The .auswer not unique. A simple answ may be f.( x) = x and-
e ii

ual to function ,rhown--.-- %he ftinoti6ns shown above ,ere typical' of
:.-

Used later.

.For each pair of 'fundtions f and g find th colposite functions fg
and gf and specify the doupin (and rirge, if possible) of each. Also,
sketch the graph of each, and give the period' (fundamental) of those
which are pere c.
(a) i--L-

,
f x g : x ,--4- (.,x_ - 2)

1



What cay you say abbut the Evenness or oddness of theeompobite

even function of an even function?

(b) even function of an odd function?

d)

odd function of an odd function?

odd-functioh-of an even funution?_

10. If Ate function f is periodic, what can yousay about the periodic,.
.character of the composite functions fg gf assuming these exist,

g is an arbitrary -function (not periodic). Illustrate by examples:.

gf.has the same periods as f and,may have a smaller fundamental period..

fg-oheod not be periodic.

f x nin x.,

g x -4w x .

x -4w (sin x

x --W- sin x



A2-2-

11. the functions and g are each peri odic, then the composite func-

fg and gf (assumed to exist) are also periodic;" Can the period

of either one be lesp than that of both f and g ?

If in 76c , and if g *defined by

-1 , 1 x <2

and--g(_x_t_2) g(x)", (g is called

the square wave function). Then

fg(x) = 0 for all

any period p

gf is t 1 )

x , and fg has

(The period of

defined by the equation

a
n+1

.= f,(a )-, n m 0 , ,,2 3P -, 1
.

.where f is a given function and to is a given number.

and f : x 0 -14- X ; then'

V7

-2
a_ = f(a1) ff(a

Show thSt for any
(a) an < 2

a Induct

For

Assume

Then
J

on:

a
k+I

= f-

E;1-7:7-

+

for n = k

1777-7

< 2

+Z.



ent

A13. If an+1 n = 0 , 1 2 ..,a0
,t and of for the follbwing functions ff := + bx

nd > a ap a function
n.

a
2

a

a +

a + b(a

_e+ ab +a ab bnp

k



1 VI = 1

1,

1 _it
1.1- a3n+1 6i3n+2



at)
- 1-1 -1%

431.1 3,41 - 4 3 3n+2

9



Tq Inverse gwietion5.

Given any &et A a relati h ulA

pay fOr any it xy In A whethec

R to y x hate _L-1 n

we write A y . Thu

The graph of 0 elet1,b 1. ,hc

Thus, the gr4h of the .el-ti

Consiser the 1. .1

IL1 1

A..

relation is LI, AA

when the r 1Alo
,

)

the domall,A of H. I

Mit rICM1g1.4 1

L t=

MA 4, .1,'A I

L _

,

!AAAA

AAA-,t

t

-x.



Solutions Exercises A.solu

What a the reflection of the line y = f(x) , 3x

Write an equation defining the inverse & f .

x 3y

do
/

2. Which,points are their own 1-et lebl_lolis in LL,

plaph of all such points?

Those poin

y = x

with orL_

Find
that the

Olopet Ui

Since t

G) PL,,ve Lh.t

line y = A

4. What

A2- 3

y = x ?

w.1. 1. Li,.



DabdribeaiW :function dr ions you can think of which are tti it own
inverses.

function whose graph has y - x as an axis

f (x x v -.

1 1

x

An equation or ell eApra-alwi
y if the equations or the e re

A and 0; c.06. A

x - xy y f ti.at

about the y - x line.

Geometrica,1 1

i.e., for any i,ur, (

thel MirrOi image, The

1. ,Jbvt.,,-.

of symmetry cmirrui 1,, A

Tb, b AJlo

lb _

a aa...1

it 1,11

L1,G

y

Allu.141/, 00,1t,t 1,..J 1 ,

ina1N.

b ao 4,11 ac,

eery; e.g.,

in x and
remain uult red by interchanging

JP- , In yl - IA- YI
.,41.1k-Ati,,11/.1 are aymmetrie

miiior,
. I al whi ch

' - b

JOB, ,d 414

ee lett.e,re a

lki Al i, ivu. 7L.)



8. Find the inverse of each function:

(a)

(b)

f 3x 4- 6

f : x 1w x 5

f = x = 3
x

g :

6

9. Which of the foJlow1ng fuu,A...10,=, r i ,

means of'a grapll or equation and give nd /enge.

2
r x

(b) f ; /x

LCal

(c) f x Al
I

=

(d) f : x [x] 11-0

(e) r A lAl -

(i)

10. AO
Do the following:

(a) Sketch grapha

x < 0 , and

(b) What relatitioLli i. 1.1

A2-3

A

(r 10 -ulleu ll, ,est, i 1 ,,,, I = , t ,. A 0)1
1

_

and f ia a1-11a 1y lh, re,t 1 t t ,) t i tt!
1-2

tr, .. A L 0) )



A2-3

(b)

LU

t) ohet
.

hn e

E ) ks ) titrb

L ii.eimages; hence, f

loes not have an luvrse.

,I1 het ve



ite an equation
the graphs

del:Ining each invefse or pa

X

L2. DO DO Problem 11 for r

K

D0440111

1



J12-3

Cc) g1 : X 2 + x

13. Gien.. that.
-

4. another? Gi-fie f o. youi

A 1,

1'1 l. . )

on.

11,c. .01,Lp,..,tiit I,. i t... 1 ,

I Idelit i 1y l'un,A 13, .,t,i i.

t ; + 7- A.41
-..

r...-,.- , , . ix = 1
il k (:, ) for..

all y . . , I. a . . 1 e, I.. A .. I I )i 'In Lhe

1, 01 1

t nat
31.,(9 rd 1,, erse to one

0

A i

61 k

fg

UiI

lealeabL one nzy,0 I



TC A2-4 Mono t e

Exampie.A2-4b. The owwentS (TC Exampl6 A2-lb of a

square xoot appl.y.egually well to the existence Of n o =.I'- aa dee.

proves the existence of n-th roots,' Thus, let t t)t, ,tQe

lei4/numbers whose a-th power is le4s tLan . Siaet 0 I. A

.

Upper bound for A ,. A .has a least uppi rin.,1 ... :

»

and

Thus as in TC

fore s" -

'As stat,,z1

15 t

t, I 6AaMpi4

_1.1 real 111

1/1,
and-we d 0

y 0 .

n

1

, Az 1 . "1

1

V



One. ret4son for

in particular-
N

=.

,Otherwis- the following

land

ion is t

X

ity wuuld

Ll

. -

eserves th e laws of exponents,



Which Of the following functions are nonde reasingY nonAncreaalamY

decreasing? increasing? qn each case the domain is the set of real

numbers unless otherwise.re'stricted.

; X C

X X

I x I

fj4

X t.=

X

,,&tch

-4

a Constant wcahLy iliorewoing r..1 4ecueab1ng.

int- parts bucl 1..1

to MQn0t011C- y

I rle

cc I

.Et.. gAvc



A2-4

44 We are ven that the l ions

f
1

is weakly increasing,

is increasing,

Is weakly decruasing

Is A

in a cOmmon domain. What L L, mcnotua, Of I.11

following 'functions.

-1

t_



TC J1?-5. The Circular T_- gonometric Fun cti

There are three closely related, though distinct, or togohometrtc

fipctiona passing under the same name. eirt, Ltml, n,,

functions of geometrical objects, namely, thc miles lnL.vduceLl _ In r.)

Then, when we introduce an angle measure, the full Huns aiss r hs or a

real variable. The real funetiohs4dela,1 upo, le eili6leb. Thud,

the numerical functions obtained byliass.cing snles in Jc _ Etlic! of the
a-rt

Babylonian sexagesimal eratlo- are not- the 6d.hic rnnstiohs obtained b

AP-5

measuring the angle in

measured by iao X radians,

defined in terms of degr

Fl

function ier

In 11,-. I

pa6c 304 . Al._,

as a tts,n_ Ist..,msf, In

r.Lov

rm.

61,110 ULA dui4,16 is



A2-5

CB

( f ) cos

Prove :

)

i

, 1,

or,

== COB o

1 X

,1.

CCM a fro ;

f rom ( 1)



em(! t y)= cos x COS y f sin x

COSk X y,t e (xty
use 0), (5) Number t.2(

(d) CO5 at =

( r )

tJiV 1

Nut__

4).4

A



A

,r0

COS(X 41 y) coax cos y sin x sir

cos(x* y) sin(

use 0+) Number 2(t,)

(d) cos et =

(=)

(f)

JiV1

4).4



" COB X

ng

The .significante ihe Sign that the square root may be either
x

positive or negative. Apparently which sign, to use depends on the value

of x . To simplify the discussion, we will also assume that sin x > 0

4 A
for 0 < x <EF.. It now folipws that

and
..

sin x for 0 <x

sin x. < 0 for < x < 24'

sin ;CT sin(e -

-sin k = sin(n

,

2

x.
9Fbrthermore, from cos X = einkx + - , it then follows that

cos x > 0 for 0 < x < 4

and

and cos x < 0 for .=

C27(

ermine the numerisel valUes of the following

Asin: m -1
, 2

cos(2n + = co

Since 0 = cos ir = cos 3 e 4 cos - 3 cos

ho4



TE 1sin -7

C 0
3

OS 7.7r

sin
2 +

2

4 1 2



6

and sin 75 = = 11571-47-2 .

Finally, tan =

Sketch the e-graph of each of the following functions. For those fUnctiOna
which are periodic, indicatetheir period Indicate those functions-which,

are even Or odd-.

Also note = sin (x .

406
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n3itX Period2 even.

Period

IMMIMIMIM
MMIMMIMMEM
MM OMMOMMINNI MIMI=

even.

even.

408



A2-5

a) What is thp period of sin ax j.
b) is the period of sin(ax + b ,

c or w va lie 7-b---isF'. Lhe uncut even?
-.

= nor n an .integer ,.

?yen x -10in(eX-1- b) an odd function.

21-I.+ .1
A; an

function. A

.

For each pair of functions f and a find the composite ,functiOns,

and gf and specify the ciemain and range, (if possl.ble) of each. Also,

Sketch the graph of each, and give the period (fundamental) of those

Which are periodic.

(a)` f, x sfn-Trx. ; g ; x egn x

in sgn x) = 0 gf. : x agn

Domain: all reels.

Range: (o)
Period .

x

409

41

Domain: all reels,
Range:

period



an integer:

.if an into e

sin at

main: all reals.

Range: fein(-an ) \0,sin a

I-- I g [x]

31sin[x]F

2.72

Domain: all reals

Range: 3Isin nl , n integer

' 410



Sc, fg, can be written as

r
maxlsin 1TX , X - LXAJ IX' < 1

The grapf fg is giVen-Ity the solid lineourve. 'The value of

fg., in'the vdrious intervals, 1A-given by the functionwindicated

On-top of the graph in that interval.
,2 -2

-2

WU= g x WillIMMEN111.11111

AMMAIEN11121111110.111111ILINEMINEMIWAIIMINIEM

IIMNIIIIIENIMERMIIMPS1111117IN 111.104MIIMMIlin
SSIONITIEWEEMERIPAIMINVII EMI 1111121111
12:1111111MIERNMEN IMER. ERIMITNIERME

Per e ic outside of, the interval period.= 2

gf (sin irx , x [x]) max-(sin AZ , x [X] )

max(sin

will-be the

x [x])

niMum.

is always between 0 1 , the

We may therefare wzitd

gf : x (Max(sin x [x] 2

This is perlodie with period . 2

411.



n TEX
2

111111111MENNIMIIIIIEi2=IIIMAMMMIMIMMEIMW=EIN
=1/41111111111111F
FAIMINEMINIVEFA
11,AEMMUMMIIIIM
PAMINEMIMIIININIMMIN".

mwAniremenrammamumar
Nolymmaim mumm ornam

nu
11111111011i

Egirmunamman
IMMIIMETNIENO

aye for x in [0,2

sin

] -:

+ cos
m

x = I

Since, sing x + es-
2

x 1 for all x and

solution must -satisfy

For rrr even,

For m , -odd,

sin

2
cos

m
sin x

`> cosm x

sinm X,= 1 or cos
111

x = 1

V
5 2

or lc

or

odd has as solutions x = 0

.4
For ---,-even, solutions are x 0

A10. If

IT

ti

on page 304 is replaced by cos x

show that

cos` x + sin x = 1 .

an integer

, then Using

A notation in parentheses aft &r a statement will indicate the basis for

the ate il;- The first five statements-are the axioms; The derived -state

ments are numbered in sequence stSring'from 6

(1) sin x is periodic with period ZIT-.

412



2) =-
2-

n

sin(x - in x ca . 5,..+ cos x sin y
j.

5 sin(-x) =--ein x-.

(8).. sin 0 = .0 5)

(7) :cos =

cos(

sin(x = sin x co

(10) co (9)

.sin(- cos x = os , (4 ) , ((8

(11) sin = (10)

6

(12) sin( - n cos(- =x o
2

-(2)-

(4o)

, :cos x . 5 (9) , (12)

(14) os(x + 5.) = sin( -x) = -sin x , (9)

(15) 4 y
_

=csx+ y) n-px+ .- cosy+ sinycosx+
,

2 i-

\

(4)

(16). co (x.+ = cop x cos y sin x.siri y (3)

2 2
2

(17) sin (x 4-Y) + cos (x +
y) cos2x sio2x)(cs2y _

1 Y ) , (4)

(16): .,

(17) becom

And so, cosy + sin
2
x

sing 0+ es o = 1 cos?x 4-sin2)

(6 ) (7)

Ali. Show now tai save the cubic equation 4x3 - 3x = a dal C 1 trigono-.

metrically.

cos. eOs = cos by Number 3,, .

cos 36 = a ; find 30 from trigonometric tables and then ,cos 6 = x ,

)413
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TC A2-6. Polar C6ordinate

es introduced oblique axes as well as perpendicular axes: The

eason that rect coordinate so:eth are referred to oblique axes

® , Q < 0,< is tbit the form' a expressing the distance

would become more complicated..(by' involving the familiar Law

Solutions Exercises A2-6

Find all polar coordinates of each of the following poin

(a)

(64) m +2n70

( :64) m (-6 , -2nff) , (

(76 -

- (6, 2111) -6 2n 4- 1) v)

-6 2n1T) , (6 , (2n, +.1

2. -Find rec coordinates of the points. Number 1.

(6, ( ,.312-)

= (731) 3

a

Find polar coordinates of each of the following points given in rent_
larcoordinates::

(a) , ( -4) (LIZ , - 2riv)

(b) 13 -1)

(b)

3,0)

414
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2-6

-4
33.11, ( -5 iarcain + 2nit ctan 2'

of a point, formulate unique

Determine-the polar coordinates of the 3 ve$tices of an equilateral

triangle 4 a side of.the triangle has length L , the centroid.of the

triangle coincides with'the pole, and one an coordinate of a vertex ,

is e radians.

The centroid is at the intersection

of the 'Medians.

1; 173
2 3

distance of vertex

from centroid..

Coordinates of the vertices are:

Find equations, in polar coordinates, f the following curves: '1

''=d,c aeon_ ant.

2 2
y a

cos e



'equatibna, iii.rectan ordi tes, of the - following nn ree.

2a -in -e y:-

erive en '64nation. in polar coordinates Par ow-lie seetions with a .fOcua
the pole and diTeetrix perpendicular to the _polar was, 'and: p unite.

to the right or the pole.

Repeat Number 8 if the direct4 Pa- lel to the pole
units- above-the foetus at the pole.



A2-6--

if the direqrix in per lel o the polar ax and

_e focus at the.pele;i':-

-Pince

es., eke ch Oath. of 'he follcilding-4- 'ill -13 a_ co dinates:
5

cos

nce e = 1 the graph ie a pallahola end t t direr rix is uni

tp the left of the pole. ,

the graph is a hyperbola Wi Wits dfrectrix 1 un ts

o the e git `i they pole.



A -6

10. Repeat,
I units be

if the dire Ttti4 is par llel to the polar is and
e focus at the pole.e

in -pblar coordinates:

nee e 1 the graph
to the left of the pole.

.. . . . .

M NmINN ......... :cm MMMMMMMMMMM MMMNNEMMOVINNmEN ............
. Ntb&BmWiNNN .... N ......... NNNO . MN MM MMENINMNNNNENAMMNNvio..a mica @ MMMMMMMMMM M,Egm114 ...................

e gimph is hyperbole-la -h' its dfrectrix 4 units
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(d) r

5 + 3 sin 0

SinCe 6-= he graph is an ellipse with Ito

Shove the p

A.,

A2-6

lb___rix units



Certain types of symmetry of curves in polar coordinates are readily
detected. For example, a curve is symmetric about the pole if the
equation is-unchanged when r is replaced by .7r . 'What kind of
symmetry occurs 1fan equation is unchanged when

(a) 0 is.replaeed by -O ?

Symmetric about the polea

(b) is replaced ay n

Symmetric about Lie 11,,,

r and 0 are replacaLl t,

SyMMetric about

(d) U Is

riu auuu, L.

1j.

graphs ,f the fc.lowiL6

) - 4 .1,

Two J1,ca

u)

1



r © coo
2

28

since f(0) f -V) , _ymm_ -lc about polar, axis.

Since f(e) = for - 49; , it is syaetric about the line =
A

2

Since cos(x n) = cos x , and this angle is 2e, and the cos

is squared, the lines 0 - and e ® are axeO Of symmetry.

14. Sketch the lio g c

(a) r se

A2 -6



A2-6

r all - cos e)

2



A

(c) r = a sin 2e

-



A2-6

2 2 2(d) r = m~ 0 one

at,

o~0



(e) re =- a

a

Aa-6



15. In each of the fallowing, find all points of intersection of the given
pairs Of equatiOns. Recall that the polar representation of a point
is not unique.)

r = 2 - 2 sin 0 r = 2 2 e.t.a 0 .

sin 6 = cos e

e

= 1

Paints are 2 - (;

equation may equal 0 , the point

different 0 ).

(b) r = -2 sin r -

-2 sin 26 - -4 01

sin 0 = -
17

7ff 111r
-67

(0,1)
2

C)

Oki

ski

e )

d

7.

6-

c,iscasion to bo

in each



The items

ideas pertinen

fbrm formal to

for diagnostic

functions.

A2

StIgElesteci Test Items and Solutions Appendix 42

included in this collection were
selected because they cover

to the caculus. Notice that they have not beep, grouped to

is they are merely representative of Items that may be used

purposes at the tat a 1.11c ,:,,;ifoe or after- e brief review of

1. Describe the domain an..1

sketch their grapDs. Also, note whetner the functions are even,

periodic, or monotonic (in the whole doITIL;111)

funaaMental (smallest) period.

(a) f : x 7x - [3x] 14x]

If pel'I-dlc, give

odd,



To Li1i1 umi.XLIAIM (L'0,
, ia

31IIxt 4 A

The maximum of t.h,

11

If x U 7 x
tItt

t

Outa0111; 0,11

I
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Range:

gf : x klax(sin AX

Domain:--all resale;

Range: (-1,0,1) .

fg '; 4 1 f du 31-cx

0

g
rtx

Gals;

Run 8e.. (-1,0,1

Which of the q119 -ft _ ,q,
DeBerlbe an inverse, 1 by _ (bket 00 eqUatI,J41.
Also, give the clomatil ar.(1 rage or t,114 1` 14 _,

(a) --. A

Thies

ei:ther pf the two

t dOmain of

g : 4,E - 2

Domain vt

ts.#, (

a.1 c 115

A vere,

lily

Of

an 114 ,eroe

II be
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s T 

r. 

ft 

sT 09uva 914 0914 

(.°6'2] - [0 

o9,Tt/ TT-Tv:gm, 

IT pfiri 
' (wfol 

cv-Tin ji 

99-10AuT eqz. 

9 auras 

04 ra 3113 sT J0,uT- P aq4 

91.a0g110 je surewoa 0-surSTIa 

Max (co 





titnctioris g such

x---twx matt be considered trivial, but
-4 i)3

The inverse

funCtion.

f , defined by g(x)

e identit

n(X yi) sin x cos y cos x sin y

cob x = sin( -

sin x:= -x)

is also-such a

Am, that

= cps x -co y sin x sin y,

From sin- 0 = sin 0 , or sTn = 0
Then by (.ii , 0 = sin 0 = = cos

By (0 and (ii) , cos x = sfn(121:+

hence, cos x = cos -x

Then by (ii) and (i ), cos(x co -x y). = + x.+

0

A
= sin cos

2
cos a sin(-

all x 'and y

0

By (i sin

Trcos( x)

So co (x + cos x cos y = sin x sin ir

cos(- )

= x)cos y +colC4.

cos x

n(-x) = -sin x

ry
432

y

x) sin y:
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. A -1

her _ 'Commentary

Appendix 3

MATTiEMATICAL CTICN

cal Induction.:

The'Principle-pf-Mathematical Induction may be thought of as a postulate

far-the-set a natUral-numbers-
-rather than as a pOstUlate'about legitimate

methods of-proof (Mstamathematics) Thup, we may state the principle in the

following form:

Let M be a subset of N satisfying

M ,

ii)

then M = N

ale can then dedUCe)the-fdrit--of
the principle-in the text -by -se- _

equal to the set of natural numbers n for which A
n

is true.

As ,stated here, the Principle of Mathematical InductiOn can be usad'to

Play a central role in the axiomatic development of the natural numbers.. In

PoundAtionAof Analysis by E. Landau (Chelsea), the arithmetic of the natural;

'rational, real, ant complex numbers is developed coley on the basis of the

five postulates of Feano. The fifth postulate is the postulate of induction.

Solutions Exercises A3 -1

4

The solutidhs'of several of the exercises follow

'sequential step. In each case after assuming

seineie pattern for the

we add an appropriate term

___to.eachoAde.of the etluation which is the expression o and show that the
.

_.

resulting equation reduces to Ak . For brevity we give only the sOlUtions--

o o such exercises; these will be found,below in 2 and 12

-cave by mathesistical ind uction that 1 2 =n n4- II. .

Follow the pattern g Ven.in 2 .

435
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MAthamatieal'induction prove the familiar result, giving the sum of
n. arltbmdtic progression to n terms:

a'+ ia + 42a +.(n.. a + 2d fie + (a

Initial ELER. a'=112a + 0 .d) = a

Sequential Et224 Assume + + d) (a +'2d) + [a

= 4f2a + (k-- 1)(1]..

Add a_+ kd to both sides getting-

a-+ + d) + .. + (k o 1)d] + kd)

This completes the proof.

[2a + (k I )d] + (a -d

k(k =
k

ke +
d,

= (k + I)a+
2

a + kd)
2

k 4 1 -
2

_

= (2a + [(k + 1 - l]d)

which i Ak+,

By mathematical induction prove the familiar res
a geometric progressidn to n terms:

n-1
a + ar + ar

2
+ + ar-

Ftillow the pattern given in 2-.

a

r -

giving the "sum a

Prove the following four statements by mathematical induction.

+ 3 +

Follow the pattern given

n3 -



2n"

Initial taw.

e uen

1

2(k + 1)

by the assumption -Ak .

Therefore-2(k7'+, 1) :2k+1

This completea the proof.

< 2k + 2k ,

< 2 - 2k < 2'

Which is

If : -1 ;. then, for every posit

Initial Step. (1 + p

Sequential-

+ 1 p

ve integer

Assume Ak : (1. +lip) 1 +

Then, Since iv> 1 +'p d' We pay,

,-ttsnpninequality by 1 +.p

Ther
(1 +..p)k+

quantity kp
2 we get

efore

without-changing

?(1 + kp)(4,4:

1 + kp + p + k

This completes the proof.

1 + 2 =2 + 3 ._

p)k+i 5

+n n.2
n -1 ,41

'Follow the pattern given

p

since- k > 1 .

+ np

Et],y- both sides- o

_d_drovp.nel'7the-4tostive

1)p dOia

-1)2r1

Prove the.following by the second principle of mathe

For all natural numbers n , the-number

be factored4nto primes.

We he second principle of induction.

S The number. 2 is a prima.

)437

n + 1
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tic-1 induction.

_ther is a prime or can



4

Sequential Step. Let k be the statement of Exercluv43, :an'd thisumei

thai i6 true- for all natural numbers a satisfy'

()the!, ..wor4s, revery integer 2 '3 , . . . , k 1 r prAmb:br..iA

duct of primes In order to prove 'Ak41 _we must-show theiY. k A

is prime or can be factored into 'primes. If k + 2 ficed0r).c::.1

If not, we can write k + 2' as a product of factors r ,arid bt'

than k 2 hence, both less than or eqVal to k + 1 '11.1 h*tfienAn.i:,
. .:. 4

then, iboth factors r t must be primes or products of. f)rtmen T1.!

follows that It + 2 can be written as a product of primes,. and thn

..

,

For each natural number n greater than one, let U be:n .7.nrk.1 ftturtier_

with the property that for at least one pair of lin tilral riimOwre'
. cl

with p n ;'1.T + U_
. priu Ti p v: ,

.

'.4/hen n = 1 , we define Ul a where a is some g E ve,n .ren 1. .humh6i.:'

Prove that LT = na for all .

Initial Step. U, = a by definition.

. . _ .

.0
.

Sequential Step. Let A be the statement of Exer.ip'c .

. .

. Lib:trig tp-..n
.

second principle of induction we assume that for .ciw.1 'tell.' : p: ..zi Ir-

that A is true.
s

Now Ax+1 must_ be established'. :Jiut

for at least, one pair of nn turnl m66)

I. 1.Lret,t11- .literibcrr :30,e11 -thht
k 1 I'.
f en<1 .

tberefore U
-f

may be applied.

and ,a0

bey less 1..11nn k ; and

rid U are read minters to w hi oh tho . A; o 06nt i al 2 hypothesis

Therefore.,

Uk+1

which is A-
k+1

Thia completes -the prod

.

1' and U p, n

.
g) n is i 1.)n,



he'-sequentialstapisJmaed essentially
upon, the fabt t that

and t are each at: most. k + 1 ,.not necessarily equal to k + 1 . It

would therefore be :impossible-to derive- frets alone and we can-

not employ the first.
principle..:Similarly.in 9, we know only that f

g are at most k not that they are necessarily equal to k . So we

d-be-able to refer to- for s k ,-not to just A

In.then-ext three
problems,.first-discover a formula

.prove hymathematical'inductien'that
you are correct

1, 1 1 1

1 2 2 3 T74.

To discover the formula for the sum, we might try writing down the sums

in succession.

Sl

3

=
4

.So we guese,
trY tb prove it,.,.

n + 1-I

For the proof follow the pattern of 2.

'12. 13 + 23 + 33 + + nt3 . (Hint: Compare 'the sums you get here with

Examples A3-la and. A3-1g in the text, or, alternatively, assume that the

required result is a polynomial of degree 4 .)

To guess the sum, we write down in succession the following:

2
= 1 . 1

36

-3-

4- 33 = 36 . F2 . (1

43 . 100 . 102 . (1

439
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+ 2
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1 + 2 + ... + n)- To prove this

directly by induction:ls-quite messy (try it); but if we remember from

=
n_pl +_1)-Nunber' 1 that 1 + 24-:3 +-.. + n , we get a formul

2 2
'-"-----it-ta'06464-1 ..nzint±Al_

some Ak +.2
1:2

both s des, getting the following:

'4

k3 1)3 . (k 1

((k,P.1)242 + 4DE + 1)

(k 1)2(k_4-

4

This completes the prOof.

k- 4;1
.4

which is A
k+1

13, 1 2 + 3 + 3 . 4 + n(n + 1) (Hint: pmpare this with
Example A311g, in the text

To guess the e write down in succession the Oja

51. 1 *2 2

= 2 + 2 .3 - 8

3 .4 = 20

. 20 4 - 5 = 40 .

ing:

-does not seem to hegetting us very far..--We try mother apprOaCh

If you have worked Example A,3 -1g (and remember it) try writing S
n
kin

this fashion,

440



2(2 + 1) 1

-'2 _2 2

2 4' 2 4' 3 n

2 2 2 2v
2 + + n ) + (1 "+ 2 + 3 + ...-+

n n + 1)(2n_+ 11+ n

6
,

3

n 1 2n +1

A3-1

n

Another way pf guessing this formula would be to-Assume, as in Example

A3-1gj that since the general term 1rW S ,isoluadratie, the formula

gft be cubic.

1 *2 + 2 *4 + + 'n(n 1 ) = an +,bn + en + d

and-then-let e on the successive values 1., 3 , and 4 to

determine a. b c ,,and d.. Thias, by suece -lye subtractions,

a + b + + d

8a+ 413 + e =

27i + 9 = 2

a+ 16b 6. . 40

herefo_

and.

7a +3b +c=

= 5b + c 7 12

37a 716 + c =' 20

1 3 2 2 n
= n + n + n

33

The proof of these esu1ts follows thepa

14. Prove for all positive integers
, .

H

)
1 +

12a + 2b

=.2

16a + 2b

1)(21 +

3

of 2 and 12.

Check the initial step.

Assume _
and multiply both a dCs of the'resulting-e uation by-the

----aPPrbpriate factor,and
reduce to get Ak+1 ,

)141

4 4 8



-15i- Prove that -(1 . x)(1 x-
1 -

allow. the =attern Solution 1

16 Prove,that n ie d visible-bg for all integral. n .

Initial Step. 1(1 + 5 ) 6 and this is diviiible'by -6 ,
.

Assume : k(k
2
+ 5) = 6P where p positive integer.

ConSider:

k (k +

= k3 + 3k2 +

= (k3 + 5k) +

=k(k-

3k + 51c

3_ + 3k) +

3k0t 4-- 6

2 %

we know thpt. )_ k- + 5 = 6p , and sincq k da-a poSitive
intOget.qither kor.-.4_+_1 is an vea integer. TI;erefore_the_second____

Uncle divisible both by 2 and by 3 , and, therefore Finally

(k 1) (k + 1)2 6p.. +! 6g + .6

=.;,6(p g +

ancithi.s finishes the proof, since we kno

integers is a positive integer.

17. Any,infinite straight-line.separates the plane into two parts; two
intersecting straight,; ines separatathe plane into four Parts; and

-.;three non-concurrent lines, cif two are:paralleliseparate the
plane-into seVen,parts. Determine the number of parts into.which the
planeis separated by :I' straight lines of which no three meet in a
single common, point and no two are parallpl; then prove'Your result.
Can you obtain a more general result .whe eparallelism ie.-permitted?
If Concurrence is permitted? If both are'permitted?

BotlEour method of-gu sing the answer,and our proof will be sequential.

Let R11 be the number of regions into which the plane is divided by :n

-lines of which no two are parallel and-no three are concurrent. If we

draw an (n + 1 -th line under thCaame conditions,'it must meet all the

Other lines in n new paintaof intersection. In crossing n lines it :

stgothroughn+1: regions of the plane,:divlding each:region_into

-two parts, thUs adding n 1 new regions. We conclude that

442



this. i

this result can-be Obtai'ned d rectly from the recursionrecursionformula by

tralightfOrwaid induction:

If parallelism is permitted, each pair of parallel line "existing' educes

n'
by since onei-crobeing.lbeliminated. -.-Thus if p- line axe.

.

.

parallei4 5r6ti can imira of pa -elleIlines

h a many fewer regions

--

n (n 1

. n 2

_(p__ 1)P
--

2'

and these will

For example if four lines are drawn
. -

three of which are parallel, here_

.Similarly, any line which concurs

paint reduces the total number of

number of regions of the plane by

with an already existing intersection

ihte4'ection points by one, and the

one. Again we moist remember, as In

n=4, p=0, c7Q
R
4
=11

n=14, p=2, c=0

R4.10,

n.4, c=3

Nil R4.10,

n=4, p=2 c=
.9

R4

. ..... -

the parallel case, that paix's.of extra concurren ies must all be counted..

Thus if c lines concur at one point

n 1) (c
1 +

443
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'' I n provides both a case of pa.raJ lelism and a case of Concurrence,

it mustbe' abutted ea.eh,way In reducing the number Of regions.' as is

in-the time.` -L. general if there are j families of parallel

currant lines with c
" ..

lines in each family, we have
2 .

1 +
n n -1

1

2

The prod of this

la-. Consider the

bye for insertion her

sequence of fractions
1 3 7 17
1 /' 2 / 12

where each fraction is obtained from

n Pn--1

-Show that for- ufficiwItly large, between and-.

cafi be- made as _all as OSSirqd Show also that the appeokimation

to -if' is improved at each successive stage of the seqUence: and that'

the error alternates in sign. ProVe also that':p and a -are

relatively prime,' that .is; the fraction is in.lowe terma
q1

et the error the

define the ergo gq recirsivply in terms of en

444



e 1 -.. -/5" is negative, At ,follows that e ..-: :: ha appotsi e gign .
-: --

e and t-h e sign alternates if the cienoisibat:Ox' 11,B shown to be .

ion
6 '- 0

positive.''' We shall ,proire byAn4uotion that 1 < -,- and triereby show
,

-, e r.

s imultan ously t the denominator, above is positive , and plat the
. .

P

error can to made as ama13, ".ds. fieaired by taking n s'affi oien large.'-,

Initial f1211.-. t e =

Sequential Assume

146 ,have

We, also have

011ws-

<

For the denominator of

1 1
-1 + +

2-

1

m to recursiv xpresslon. that
31

Iek. I < 6 <
+1 2 2 2k., 2k+1

To prove' t Tja and have no common facto ther than

h t

n+1 '111+1
,

We then _ on indAqtively as follows :

n+1 7 'n+1

Initial Stall. The only common factor of p1, and of

SeqUentialStOp!.. Assume pic' and -k have no common- facto
*

had such a common factor, then,

Pk
and

qk

1f qic+1

formula it would have to be, a

Contradictit--

cOmmon Factor of

k+1

we note

1

_r than
he above



V A3-1

19. Let p be any pol4pomia1 of degree m LcL q(,0
(1) ' P(1) 40) + P(3)

.Pt,±

Prove that the is a polynomial rq of degree

Inittaihtep,, We observe Lilac 1A. p 411r6

C is a constant and we na,g

#./f
10-

t A (1) a

(1) p(1) (d)

Renee

SAuential Step.

p of degre le-



41

A3.1

t4174

4

Furthermore

subtractions

_ere "

Nov we prove

th expressio-

to (p

q(x)

q(n)

3):

If

:

in braces reduces by successive

1)k+
k+2

1 and we obtain theridesired

. a k+2
z

2'
4 1)

=.,n(1) *1 Pk Lr

k4

A

x +1)k j Ais . (

h t
,t= 1,

additions and

polynomiel,

and the ..lebiee

eg 1)1, ( )

,h I (? 1)y, (x)1

_qt2k.

or is 0

%eguential St

(z.

20. Let the functi,...ai 1.
Initial a,92. f(I) j

A

Sequential Stv. r(t ')

In Tarticular we nave 1(i)

Similarly, en, i th;fintd

Ste. 6.(.40 9 .

Sequentieu Stet. 6(.1 1,

Find the minimum ,a1u,. .

It
.04

6(u) f,

vzawpr,.

Iii1112!

f(2) 6(1)

A A .

St%4
41/

y

t Ai., LSO I

5



M -1

21.. Prove for all 1 numbers that

is.an integer. (Hint: 'Try t0 eAllreo6

n -1 n-1 n-2 2
x y yn-

etc

Let F =
(1

n

Initial Step.

2a/

e

le;



1. 'Prove

SolUtlOhe EXercitlee A3-2a.

k=1

The linearit__y Qr

Ct

k--71

A3-2e

tive properties of real nu....be,0 1j

tion.

P. Write each of the

k1



r,

,



( 

OT 

!aeitga 

anal, (q) 



A3 -2a

Subdivide the interva.1 [0,1] into n equal parts. In each subinterval

Obtain upper and lower bounds for x
2

. Using sigma notation, use these'
upper and lower bounds to obtain expressions for upper and lower estimate

of the area under the curve y x
2

on [0,1] , If you can evaluate
these sums without reading elsewhere, du so.

-1
1 ka,

Lower =

k-

k=1

Write out the
with first. term . um." Ad

in,sigMa notatio,

(b) k"

to AULia of u

ratio c

(a)

_.. -11.h.ctic progression
Express the same sum

In

rid )

f g

r. a a_d c 4MTIQn
u.



A3-2a

(b) Give an exaMple of a function g (similar to tbt such that

g(n) 1 , n 1 10-

g(106 1) . 0

K(n) - 1
10

ite each or the roll...a.6

(a

4

E I
n=1

A L.,

n-1



A3-2a

iel j1
Evaluate:

(a)

(b

(a

ii j

it=1 j1

=11+ 1-2 4- 3 ± 2 -I 2 2 l - _ lb

L) a
,

3)



Now Use b and

10. Show that

to giv

m n
2

4

I

k - 1 k'

1 1 y \1.
k- 1 k® k- k

1000

E 17k

1000

k 77-7-1T
k2

In genera10

L1. If Ok)
i

1



A3-2 a

i1

i 1

13.

1 =1



(b

A

,n).n1=n
1 n-li

r r-

Se)

El

nt n!
n!Of n! 1

ral
I

Oln!

111

EL

A3-2a

!1! n 1 )1Tri: 7.117
.;;

IA!

kk 1 ) ( n

F

(h Ft r
1:/

n r r + I - Of( r + 1 !

(101,1
r+1



132 a

usiyg (b))

r=0

14

-r

/1

. 5



.

the following sums.

ru

f

11.e.

r

A3- 2.a



4 1.

e the folio
it

2k(21t*=1)

Solutions txercises1A3-211

__Is in telescoping form, i. , in

1)),, and evaluate

n

1M:771-Mt
k=1



and the sum is

,+ 1) *+ 2 11(n -4-r: 1)(nA. 2)

1

1)(k +-7T

.

'1,2: 7 157-1)-(ii,+. 2

Here,u(k) = (k

k+1
r

Here,

and the stem is

1)1. and the ;Um is (nf+ 1'

r 1

of

(ei ) : (a + 4 _00.

(b) The reo rocal o (a)

r
(d) kric

(e) k2rX

(g) (kt

(h) arctan k

k sin:k

and the s

( - 1)) = u(- 10), , establish a shoort dictionary

.

formulae by considering the'following

461-

runct ops u



(k -

k=1

(Now use Equation 8)



4

by letting a = 2x , b =0

k=1

k=1

tatl xn

6

Another method for Summing 13 P(k) (P - a polynomial) can _e obtained'.

*by using a special case of Number 2a, i.e

E f(k 1)(0(k - 1)...( r + 1) - (k)(k 1)(k

0

+ 1)(n) (no- 1).. r +1) ,

or
n_

E ko,
First, We show
in-the form

(1.) P(k) = ao +

If k = Q , then

k = thpn a2

that

0
n + n - 1 ..._ r + 1

r + 1 =
(nak

to represent any polynomial

1)=

a1k +
7 2t

+

ao P(0) ; if, k-= 1 , than al = - P(0) ; if

P(2) - 2 P(1) + P( )11i. I; general: it can be shown

P(1 of
_
r-th degree

, .

et



,SirIce both. sides. of (i) are- polYnOraials of degree r .

for Am 0 .., 1- it must be en. identity..

1.c,1

Using Problem h, find the following sums:

h

2k +ak+ _
0 1 2!

a2
2 2(1)2- 8(k

where a
o

k k + k(k - 1) and

2-

n (11 + -
3

3k- as + a_1 k +

n'+ 1



111.0:15r,

64k.(k 1)(k - 2/

are deined 135r,_ aqua on

4,,

!..T(k/ =-a a

ve linear equati ons for the e:&

p(0)-

a( )

proof ts Dy Tatham "Cal inauction. Assume that

465



'that

_ equivalent 'to.' sh_-

a1s94..Va1id for

now wish to Show

n = This is

(for the :values pf 0 e, n = 1

w411 invOlye Vanip double :Series

-m This

m-r

0 if 1 m

r=0'

(sqd Exercises 13-2a, No 1

4.66

if i m



A3-

Finally,
which was to b shown.

Since, our_,,induetiVe °thesis is valid for n = it is

valid for4all -n

(b) .that zero'for

, uppose 6 panted 'the equation F(x) =ka0

(where m is any,,number to b6 satisfied for x = 1

here F(C) is some given fundeion. By setting' x

; "m in't rn the will have to satisfy

____ F(0) ,a0(Cf)y

F(1) = a0(3) a

F(m) = a0(0) + sly +

It follows (from algebra) that this system of (m+-4) linear

equations in (m t 1) unknowns has a unique solution for.all F

Byour inductive argument in part'(-), he solution is given

J.
F(n)(n) F(1-11 1)(7-1) . (-1)1_1P(0)(n

0 1 n

for = 0 , 1 ,m.

If we now choose F(x) to be the polynoMi4 ) ofdegree r

in part. (a)i

(fr

then P(x) is identical to

0

Broblem 4).

1

(x)

r r

It then follows that

vanishes for x 3 ©, 1 , 2

) a I.

m m

mu . If a polynomial of degree

m vanishes for m + 1 different values it must identioallyvsnish. 1_

Therefore,

+1

for all

47

t
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Isthe -cOntinuity of r essentiessential to the hypothes

Theorems?

discontinuous:. function whose domain is 'Closed interval be bounded?
4.

Yes. Consider x ] on ,[0,1]

the estion?

'Number 1 asks, is the Boundedness Theore0 true if we drop th h -othe-

sis of continuity? While Number 2 asks; Is continuity necessary for..

boulidednese

-Can a nOnconst_ _t function whose domain4s. th0: set Of real numbers be

bounded?'

Yes; e.g., x sin x or x

.
Glyir an, example of a mono

ofdiscontinuity.

2

x-

function on [0,1] with,Pxactly n points

A 6. Can a monotone function on [0,1] have infi

tinuity? ,Justify your answer.

Yes e.g.,

ely many points of discon--



p1e, f a bouthed etion defined, on L0 ,Llisuclai
no extreme ues

(b) epeat with the "extra condition -that have an ihverse. j

Give
bat

1

__ exs pleof a function. f defined in the interval [6,1] such

jaas'neither an upper or lower bound-.

for 0 < x < 1 ,

for x = 0,, 1

for 0 < x < 1 ,

for x =

has a lower bound .but- no upper bound.

achieves the upper and lower bounds an infinite number Of times.
(For thisdase give a function that is not constant.in any interval.)

476



dW that any function
the entire interval.

Number be coat

SuCcessivelY'divide the int_ and in each case

interval in whi6 the function assumes its upperrand 10-

M and in) infinitely often. By the Nested Interval Proper

with the property that in every neighborbookot

Fumes the ,values , 14 and m But this is impos6ible at,; Point of

conitinuity unlasea M = m

intohalves

10.. Give en 'example of a function f defined( on [0,1] such that f takes

on everY-ValUe-between--0 and -1 once and. only once_butils_disciptinuous

for 'ail ,x..

for x irrational

for x = k , rational,
q

1
is, discontinuous at all, points but x-= . To rid ourselves of t

point of continuity we only need to inters ange two values; e.g.,

f(9) = 71z; arld f(t) 1 . So '

1

for x irrational ,

4

for x = P. rational, /A)

for x = 0

for x
'

L. Show that a function which is increasing in some neighborhood, of each

point of an interval ..(a,b) is an incre9.s,ng function in (a,b).

(Note: The text problem using the concept "increasing at a pint" is

__put ofplace. It is a problem given in Exercises A7-2.)

COWS-Mr-the-setA- of f-pointsa in .( b)--

,

in (a,a) . Call a the least upper'bound of A . Then for

f 'is-not increasing in (a,8)

h that- is- increasing

We are given that f is increasing in a neighborhoo if a<b

Therefore, for some h , f is increasing in - h, h) . Hence, f

is increasing in hf . But this means that 5 h is in

471



while ] -a

a,b)

A function
borhood ,of
x

is said to be; weakly. inereas ng !ton the right" irk n-ra ne
forif 0(x) > 0( ) fo all x in the neighborhoodaatip

) Show that i

all-POints-
is continuous and weakly inc ,rea on the rig

then 0 is weakly increasing

'not weakly increasing on. (a,b) there exist points

x b) such that xi and 0(x.) > 0(x2) Since

continu u- it has a maximum on x2] . Let =.

Rup Lx n x rxi,x21) By continuity, 56(g) = n

Now 0(x2 )- is not the maximum since- 0(x2) 0(x1); cOnse9UentlSr.,

E- .7--Singe-T-0(x)--"<-0(-EV for -x > E- in .some-neighborh00&-of---.-

g , the-condition that 0 is everywhere increasing orAhe right is

contradicted

0'17

fying

is

If

Show by a counter -' ample that
is discontinuous

does not necess_

, for x f [0,1] ,

1, for x [1,2]

,

A function has the property that for each point of an interval where it -is
defined, there is a neighborhood in whiCh the function is bounded: Show
that the function is bounded over the whole interval. (b-liaisan example'
Where a local property implies aglobal one It is clear that the global
property here implies the local one.')

--Let' I.- bal-tharinterval for Ntich is locally-boundedand-let-- a, and--

b be the_respectve,left,and right endpoints of I (no implication, that

I is either open or-closed). Let g+ be theset;of.%points consisti

the point a and-those points a of I forNhich .f(x) is bound

..th,..fritervial_a I fl [x m sup A. -If

then f cannot .be bounded on I ..If m IC , then f boon id. on.a
I . If EL4.( b , then. f ib bounde d ona'eighborhood f .a follows*

that f is.bounded. on the union of A. d this npig rhood, contradict- '.
4

ing that there: is, no interval I
a

wIth -d for



Give art-ex o ed, rywhere---ira-e-lo
unbou d6a the neighborhood of every point of the interval..,1Suggestibr
See eralisea 3-5,

4

No,',I5.).

is tionaL,

ational and
lowest

IsSelutiond Exercises

C a (flacon nnous 'fiction haVe the sintermed e Value .PropertyT Give

examples.

Yea;

Let the':Tunction f be the derivative of a func

has the Intermediate Value Property.

n o e

rhex t h) -g(x)
. Let t(a) a and f(b), . Take

. 1 1
, 6_

between a and 0 .- Let min( iT , r rti ) . Then we es,n

nci 51 , 52 ,-so that irh(a)- -,al < e if 7.'0 < h < 6_
'

and

h less than bothl= and
Then r is between r (a) and r (b) . (-x) continuous andd

h h

hence 'has- the Intermediate Value Property.

and- b r
h
(x) y But then, by the Law o

'between x and h for which f (E ) 8'
h.,

Irh(b h) < c if -0 < h 52 . Take

ue for some x between-

there is a point'
h) - g(x)

. Given:the ha circle y - can shown that chords parallel
1 t

to the x-axis of,length 17-1 exist w n is any positive intjger.

4

-.. This result can be generalized to ane,continuous linetion taking on the
A

`value 0 at 0 and 1 Chords which .intvsect the, curve, or lie -

entirely outside the curve, or coiacicTe,with the curve are permitted.

eveA,.

The problem may be stated analyt=ically as follows

continuous on [0,1] and f(0)== f(i)

find an,

.1.
impossiblethat

f(1) =

e that

0 then fo'r each--posi

X in [ C1,1] such that i .. f(x + -1)

i 1
j- n -

defitred on . [0 is _;ontinuous:, It is

1

.

h r 0,

. 0 for x iii [- 1 _ t],1 since if it were, then

tive -integer-:

The funettbn

g(1 0 which contradicts

I



1 f 36-

aheuzge a al and by the -Interniediate Aralue Theor
which e(x)..

iw that the*.WeierBtrnns:, not Manotorie

Li

e gban nhoo e large enough so. that we can
zA- Iv 1 ' .

d 'in I. Then by the construction. of. g n .3 w

ziotone on I

474



speak about a function,

consisteat if we wrote

(x,y x,Y)

ord Nile convenience ,of the lopp on

F. : (X,y A.a-F ,y)' . A

.

e a linear 6 -ne trhood.,of' consists ofaf_i_ points, x .,whose

ce to a is-leps -than 6., it might seem more n 1 define a planar

ghbcirhood (a,b) of Ili (x,y) suc

(Y

-,Since every -square neighborhood contains a.

versa, the two notions are equivalent. For-

". convenient to work with' stlUare neighborhoods.'

SoiutAirs Exe171see A5

Find conditions for which the equations

alt + blx .+
1_

y di 0

8,13 + box + cny + '02

determine x and.. y as functions of

and

the two equations we obtain
4

C' - a
1

b_ _ y b2d1 - 0

ne4ghborhood and vice

poses/ it has been more

2
c_d 0 .

475_ .



b c

--.

1 Con fder line ex dpproximations to P and G then 4 NuMbei. 1 o
gen ralize Theorem A5b"to,the situation )= --4, G(tiX,y)
:-,

up 02021fF(t
OL-OL"
x v

eve repfresdhtetions

d suppos

,F(t,x,y) a * h
1.
(x , x

0
',

4 --A ,y)
--'' 0

c

(t

- xo)

(x -

x,Y)

where

imr c ,

Y'IY0

Then if b2c1 2 b.c.
1 2

deterrtined 8ucli that

unique

This method can be generalized o

a2q ale
-

b2c1 bl 2

1 . 2 1
b2c1 - b1c2

. .
4

*here, under app op _conditions: (1) uniquely determines y y

as fUnctiont of

icalle the implicit Function T1ieorem and is discussed in advanced texts.

I) . 4, m:

, x .1' The theorem describing this Situation is



rOve. that
r11not14 of

3x2

he oildving 49-nations uniquely define y as an i licit

g near the- p6ints iridicated... (Note: The wording. of the

-been, alight/1y changed -from that in thy. text.)

are pc12,,-nomipas, hen

rh od Of all points

continuous, and- are, mono-.

on F(x,3f) 0 stich

meets the co_

monotone in a fiehboriiood. 0

hence continliou F{x,y)
I

Imulitit!Flinction Theorem.

4

d y resnectiyely,

dionti::41ous over their

(Y) Sr3 E

3Y - 3'

> 0 for
'y2

domain,

in uome

neighborhood of all points such that y
1

monotone n a n ghborhood of each of thee

. Therefore,

p 'nts. Since .0

(c) ) x COB` Qi

cc a gy z, cc n us Tun ion of y

in Ey , For clode

and 9V(y) < 0 Then



4,i 11W:hood of

cos fix.. 'is.a continues ion of x rx
en we have 6h:iv/II that he eonditiona. of TheOreia A5a are met a

.

lid_ h fitst:ana :Second,.derivativesiof -the impiicit .itindtion6 defi
hg (a b); .:=arid (c) of Number -3 Tote: The. lording is slightly
fe'rent 'ram that. in the text . _.

X COB

We note- that the giv,en -e nation i±ltlie's = G :or_ cos
co! Xy nrc n e n7eger. Hence

2y'



Show.:that there is rip,uniq e aplutfon f
. 2 /3 . '..1 /neighborp000.,ofthg polat ti

vf" used tu, h

y yin. Number.b y

Notes "fa ahY iejgiborhood ,

o Poizer,

!Phut in .firiYonOigti)v hpod:,,

ere aretwo

ible functiollet of

2

show that

Mfferentiet plieitly wIth expect to wp have

Hence', a

dx 2,
-d2x

dy2

2

-


